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Chapter 1 



Introduction 



1.1 RWRE: Notation and Terminology 

A simple random walk {X n } in Z d is most easily described as the sum of i.i.d. Z d -valued random 
variables, where X = and X n = £1 + • • • + £ n . Alternatively, it can be described as a time- 
homogeneous Markov chain on Z d with transition probabilities given by P{X n+ \ = x\X n = y) = 
P(£,i = x — y)- While random walks have long been studied, a more recent area of research is random 
walks in random environments (RWRE). A RWRE consists of two parts: choosing an environment 
according to a specified distribution, and then performing a random walk on that environment. 

Specifically, let M(Z d ) be the collection of all probability distributions on Z d . Then, we define 
an environment to be an element to — {lo(x,x + -)} xe z d <= -M(Z d ) zd =: fi. A4(Z d ) with the weak 
topology is a Polish space, and thus ft is a Polish space as well (since it is the countable product 
of Polish spaces). Let P be a probability distribution on (Q, T), where T is the a— field generated 
by the cylinder sets of f2. Given an environment u e f2, one can define a random walk in the 
environment uj to be a time-homogeneous Markov chain on Z d with transition probabilities given by 

P(X n+1 = x\X n =y) = uj{y,x). 

Let P* be the law of a random walk in environment ui started at the point X = x. For each w, 
is a probability distribution on the space of paths ((Z d ) N ,£), where Q is the er-field generated 
by the cylinder sets of (Z d ) N . Now, given any A <E Q, each P%(A) : (fi,^ 7 ) — > [0, 1] is a measurable 
function of to. Thus, we can define a probability measure P x := P ® P* on (ft x (Z d ) N , T x Q) by 
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the formula 

P x (FxG):= [ PZ(G)P(duj), FeF,GeG. 

J F 

Generally, the events that we are interested in concern only the path of the RWRE and not the 
specific environment chosen (i.e., events of the form CI x G). Thus, with a slight abuse of notation, 
P x can also be used to denote the marginal on (Z d ) N . Expectations under P x and F x will be denoted 
E x and P x , respectively. Also, since generally the RWRE starts at the origin, P W ,£" W ,P and E will 
be understood to mean P^,E®,F° and E°, respectively. 

It is important to understand the different probability measures and the differences between 
them. Thus we give a quick review: 

• P is a probability measure on the space of environments. 

• For a fixed environment u>, P x is a probability distribution of a random walk. However, for 
fixed A G Q, P X (A) is a random variable. Statements involving P x are called quenched, and 
since P£(A) is a random variable, a statement such as P£(A) = is only true P — a.s. 

• P x is the probability of observing an event in the RWRE without first observing the environ- 
ment. For A e Q, P X (A) is deterministic and not a random variable. Probabilistic statements 
involving P^ are called annealed. 

• The random walk {X n } is a Markov chain under the measure P x , but not under P x , and it is 
stationary (in space) under P x but not under P x . 

• The relationship between P x and P x is given by P X (A) = E P {P X (A)) for A e Q. 
We end this section with a few further definitions of types of commonly studied RWRE. 

1. Nearest neighbor: A nearest neighbor RWRE is such that ui(x, y) = whenever \\x— y\\\ ^ 1. 

2. i.i.d. environment: The collection of vectors w(x, x + •) are independent and identically 
distributed under the distribution P. This assumption generally simplifies the analysis of 
RWRE because the independence of disjoint portions of the environment makes random walks 
restricted to disjoint subsets of Z d independent. 

3. Elliptic / uniformly elliptic: A nearest neighbor RWRE is called elliptic if P(u(0, e) > 0) = 
1 for all ||e||i = 1, and uniformly elliptic if there exists a k > such that P(u>(0, e) > k) = 1 
for all ||e||i = 1. 
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1.2 Structure of the Thesis 

The thesis is divided into two major parts: 

Part I: Chapters HE] — Limiting Distributions for RWRE on Z. 

Chapter [5] begins with a review of some of the standard results for RWRE on Z, such as criteria 
for recurrence/transience and a law of large numbers. This review affords us the opportunity to 
introduce some of the notation and methods that will be used in later chapters. In particular, 
formulas for hitting probabilities and formulas for the expectation and variance of hitting times are 
all provided in Section [23 

Section [2721 is a review of known annealed limiting distribution results for transient RWRE on Z. 
In contrast with random walks in constant environments, random walks in random environments do 
not always satisfy a central limit theorem. Theorem l2.2.1l is a classical result of Kesten, Kozlov, and 
Spitzer [KKS75J, which classifies the annealed limiting distribution of a transient RWRE according 
to a parameter s of the distribution P on environments. If s > 2, then a central limit theorem holds, 
but if s < 2, the limiting distributions are related to a stable distribution of index s. In Section [2.21 
we give a brief overview of the different approaches used in proving variations of Theorem 12. 2. II We 
give particular attention to the approach used by Enriquez, Sabot, and Zindy [ESZ08] in providing 
a new proof of Theorem 12.2.11 when s < 1, since, in Chapters [4] and [5] we use similar methods to 
analyze the quenched limiting distributions. 

The main results of the first part of the thesis, concerning quenched limiting distributions for 
transient RWRE, are stated in Section l2~3l When s > 2, we obtain a quenched functional central 
limit theorem with a random (depending on the environment) centering. When s < 2, however, 
there is no quenched limiting distribution for the RWRE. In fact, with probability one, there exist 
two different sequences (depending on the environment) along which different limiting distributions 
hold. In Section [2. 31 we provide a sketch of these results on quenched limiting distributions, but the 
full proofs are given in Chapters [3][5] 

In Chapter [31 we give the full proof of the quenched functional central limit theorem when s > 2. 
We first prove a quenched functional central limit for the hitting times of the random walk using the 
Lindberg-Feller condition for triangular arrays of random variables. Then, we transfer this result to 
a quenched functional central limit theorem for the random walk. The main difficulty in Chapter [3] 
is to obtain a centering term for the random walk which only depends only on the environment. 

Chapters [4] and [5] consist of two recent articles which contain the proofs of the quenched results for 
s < 2 that were stated in Chapter[2l In order to keep Chapters [4] and [5] consistent and self-contained, 
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these articles are left relatively unchanged from their original format. Thus, the introductory sections 
of Chapters 2] and [5] repeat some of the material from Chapter [5J 

Chapter 0] concerns the case s < 1, which is the zero-speed regime (i.e., limn^^ = 0). 
Our main result for s < 1 is that, with probability one, there exist two different sequences tk and t' k 
(depending on the environment) along which the quenched limiting distributions of the random walk 
are different. Along the sequence tk, the random walk is localized in an interval of size (logifc) 2 , and 
along the sequence t' k the random walk has scaling of order (t' k ) s (which is the annealed scaling in 
Theorem [2.2.11 when s < 1). 

In Chapter El we consider the case s 6 (1,2). In this regime, the random walk is ballistic: 
That is, linin^oo ^ =: vp > 0. As in the case s < 1, our main result in Chapter [5] is that there 
exist two different sequences tk and t' k (depending on the environment) along which the quenched 
limiting distributions of the random walk are different. However, when s £ (1,2), the existence of 
a positive speed for the random walk allows for a more precise description of the quenched limiting 
distributions along the sequences tk and t' k . Along the sequence tk, the limiting distribution is the 
negative of a centered exponential distribution, and along the sequence t' k the limiting distribution 
is Gaussian. 

Part II: Chapter [6] — Large Deviations for RWRE on Z d . 

After reviewing some of the basics of multidimensional RWRE in Section 16.11 in Section 16.21 we 
review the known large deviation results for RWRE. In particular, Theorems 16.2.11 and 16.2.21 are 
large deviation results of Varadhan for multidimensional RWRE, but these results provide much less 
information about the quenched and annealed rate functions than is known for the rate functions 
of one-dimensional RWRE. In Section [6.31 we study properties of the annealed rate function H{v). 
Our main result is that, when the distribution on environments P is non-nestling, the rate function 
is analytic in a neighborhood of the limiting velocity vp := linin^oo Our strategy is to first 
define a function J(v) as a possible alternative formulation of H(v). Then, we show that J(v) is 
analytic in a neighborhood of vp and that J(v) = H(v) in a neighborhood of vp. We end Section 
16.31 by showing that when d = 1, H(v) — J(v) wherever J(v) is defined. 



Chapter 2 

Limiting Distributions for 
Transient RWRE on Z 



2.1 Preliminaries for RWRE on Z 

In this section, we will review some of the standard results for nearest neighbor RWRE on Z. This 
will also serve as an introduction to some of the notation and techniques that will be used in proving 
our main results. In particular, the main results depend heavily on a few explicit formulas that we 
will derive in this section. 

For a nearest neighbor RWRE on Z, lu(x,x — 1) = 1 — u)(x,x + 1), and so we can define an 
environment by only specifying the probability of moving to the right at each location. For ease of 
notation, let u> x := lj(x,x + 1) so that 1 — lo x = ui{x,x — 1). Unless we specifically state that the 
environments are i.i.d., we will only be assuming that the distribution P on [0, l] z is ergodic with 
respect to the spatial shift (6u>) n := 

2.1.1 Hitting Probabilities and Recurrence / Transience 

The feature of RWRE in one dimension that makes them much easier to analyze than in higher 
dimensions is the fact that, for any elliptic environment (i.e., for environments with Wj G (0, 1) for 
all igZ), the random walk is a reversible Markov chain. In fact, any irreducible Markov chain on a 
tree is reversible. The fact that the quenched law of the RWRE is reversible allows us to represent 
certain quenched probabilities and expectations with explicit formulas in terms of the environment. 
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To make these formulas more compact, we introduce the following notation: 

.1 

II-,: II/'/.. (2.1) 

k—i 

k<j 

OO 

Ri:=J2Ui,j- (2-3) 

Using this notation, we have for any i < x < j that 

P5F j <T i ) = *jf£=±, and ^(T, < Tj ) = : , (2.4) 

where Tj :— inf{n > : X n = j} is the hitting time of site j. These formulas also appear in [Zei04|, 
formula (2.1.4)], but with different notation. To see that (|2.4p holds, note that for any fixed i < j, 
letting h(x) := P*{T 3 < Tj), we have that h(i) = 0, h(j) = 1 and h(x) = u x h(x+l) + (l-uj x )h(x-l) 
for i < x < j. It is easy to check that the first formula in (|2.4|) satisfies these relations and that this 
solution is unique (since any such h(x) is a discrete harmonic function with prescribed boundary 
values). 

The following criterion for recurrence/transience follows from (|2.4|) : 
Theorem 2.1.1 (Solomon Sol75|). -Ep(logpo) determines the recurrence/transience of the RWRE: 

1. _Ep(logp )<0 => lim„^oo X n = +oo, P — a.s. 

2. E P (logpo) > => lim„^oo X n = -co, P - a.s. 

5. E'p(logpo) = => lim inf n-nx, X n = — oo, limsup,^^ Jf n = +oo, P — a.s. 

2.1.2 Recursions for Hitting Times and a Law of Large Numbers. 

For each i > 1, define 

Tt := ^ - 

to be the amount of time it takes for the random walk to reach i after first reaching i — 1. In this 
section, we will show how simple recursions allow us to compute an explicit formula (depending on 
the environment) for the quenched mean E^ti. To this end, note that 

n = l + lx 1 =- l (^+7i), (2.5) 



and 



1 - U)i 



Pi ■= 



k—i 
k 

Ri,k '■= ^ Iljj, 



3=i 
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where t' is the time it takes to reach after first hitting — f , and t[ is the time it takes to go from 
to 1 after first hitting —1. Taking quenched expectations of both sides in (|2.5p and using the strong 
Markov property, we have that 

E u n = 1 + (f - u> ) (E^To + E^Tt) = 1 + (1 - uj ) (Eg-^n + E u n) ■ 

Assuming for the moment that the environment is elliptic (i.e., uji G (0, 1) for all i) and that 
EujTi < oo (which by ellipticity implies that Eq-i^ti < oo as well), we can solve the above equation 
for E u ti to get 

E u tx = h poEq-i^ti. 

LUq 

Iterating this equation, we get that for any m > 1, 

E U T! = — + -^—po H 1 3_n_. m+ i. + n_ m ,o-Ee-m-i w n- (2.6) 

LOO W_ TO 

From this it is not hard to see that 

1 °° 1 

E u t x = S(u) := — +Y n-i+i.0 = 1 + 2W , (2.7) 

where Wq is defined in (|2.2p . In fact, it can be shown that (|2.7p holds even if E u Tx = oo or if 
the environment is allowed to have = 1 for some i < (in which case the last term in (|2.6p is 
eventually zero) . We will omit the details of this argument since they can be found in |Zei04| , and 
since the details of a similar argument are provided in the computation of the quenched variance of 
n in Appendix lAl 

If \imswp n ^ QO X n = +oo, the ergodicity of the law P on the environments implies that the 
sequence {Ti]°^ l is ergodic under P (see Sol75] or |Zei04[ Lemma 2.1.10]). Then, Birkoff's ergodic 
theorem yields 

— = - Y n — > En = E P (S(u)). (2.8) 

i=l 

Moreover, a standard argument changing the index from space to time shows that the convergence 
— — ► - implies — — ► v. Therefore, one obtains the following theorem: 

Theorem 2.1.2 (Solomon |Sol75j ). A ssume that Eplogpo < 0. Then 

Ep(S(uj)) < oo lim — = I , 

and 

E P (S(b})) = oo =S> lim — = 0. 

71 — >QO ft 
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For general ergodic distributions on environments, EpS(u>) is difficult to calculate. However, if 
the environment is i.i.d, recalling the definition of Wq in (|2.2p , we have that 



E P (S(u)) = 1 + 2E P W =l + 2^^ P n fe , = l + 2Y J {Eppo 



k 

k<0 k=l 



Thus, if P is i.i.d., the condition Ep(S(u>)) < oo is equivalent to Eppo < 1. We therefore obtain the 
following corollary: 

Corollary 2.1.3 (Solomon [Sol75J ) . If P is an i.i.d. product measure on and Ep log po < 0, then 

(a) E P (p ) < 1 =>• lim *L = I'l^l > 0, P - a.s. 

n->oo n 1 + Ep(po) 

(b) Ep(p )>l =^ lim— = 0, P-a.s. 

n— »oo n 

For the remainder of the thesis we will denote dp := lim„ ^ whenever the limit exists and is 
constant P — a.s. 

Variances under the law P^ will be denoted by Var u . That is, Var u T\ := E u (ti — E^ti)' 2 . In a 
manner similar to the derivation (|2.6| of E u ti, one obtains 



Var^n = S(u;) 2 - 5(w) + 2 £ n_ n+ i,„5(0- n a;) 2 = 4(W + IV 2 ) + 8^n i+1 , (Wi + IV 2 ). (2.9) 

n=l i<0 

This formula also appears (with different notation) in [i AH99J and |Gol07j . but for completeness, we 
will provide a proof in Appendix [X] 



2.2 Review of Annealed Limit Laws for Transient RWRE on 

Z 

In this section, we review known results on annealed limiting distributions for transient RWRE. This 
will also serve as an introduction to some of the techniques we will use later in deriving quenched 
limiting distributions. The following theorem of Kesten, Kozlov, and Spitzer was the first result on 
annealed limiting distributions of transient RWRE in Z. 

Theorem 2.2.1 (Kesten, Kozlov, and Spitzer [KKS75] ). Let X„ be a nearest neighbor, one- 
dimensional RWRE with an i.i.d. measure P on environments such that Eplogpo < 0. Further, 
assume that there exists an s > such that Epp$ — 1 and Epp^ logpo < °o and that the distribution 
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of log po is non-lattice (i.e., the support o/logpo is not contained in a + [3Z for any a, f3 € M.). Then, 
there exists a constant b > such that 

(a) se(0,l) lim^ooP^ < x) = l-Ls^x- 1 /*) 

(b) 8 6(1,2) =► lim„^ co P(^=^p < x ) = l-L 8ib (-x) (2.10) 

(c) s>2 => lim^ooP^ ^p <x) - 

where L sb is the distribution function for the stable law of index s with characteristic function 

J e itx L s>b {dx) = exp j-6|t| s (l - i±- tan(7rs/2) 
and $(x) zs i/ie cumulative distribution function for a standard Gaussian distribution. 
Remarks: 

1. Annealed limiting distributions were also obtained in |KKS75j for the borderline cases s = 1 
and s = 2. For simplicity, we will not discuss those results since we will only obtain quenched results 
when s e (0, 1) U (1, 2) U (2, oo). 

2. The significance of the parameter s is that ETj 7 and Ep{E ul Ti) 1 are finite if 7 < s. The fact 
that Ep{E ul Ti) 1 < 00 follows from the explicit formula for EJT\ given in (|2.7p and the fact that 
Epp 1 < 1 for 7 < s. The proof that ETj 7 < 00 is more difficult and is based on a representation 
of T\ as a branching process in a random environment (see DPZ96, Lemma 2.4] for details). Also, 
note that Eppo < 1 if and only if s > 1. Therefore, from Corollary 12. 1.31 we have that s < 1 implies 
that vp = (the zero-speed regime) and s > 1 implies vp > (the ballistic regime). 

The approach of Kesten, Kozlov, and Spitzer was to first obtain annealed stable limit laws for 
the hitting times T„ and then to transfer the results to X n . For instance, the first line in (|2.10p 
follows from 

s e (0, 1) => lim P ( <x)= L s . b (x). 

The approach used in [KK S75] to derive stable limit laws for T n was to relate T n to a branching 
process in a random environment, and then to prove stable limit laws for the related branching 
process. The same approach was used in [MWRZ04 to extend Theorem 12.2.11 to certain mixing 
environments that are generated by a Markov chain. 

Recently, Enriquez, Sabot, and Zindy [ESZ08] provided a new proof of part (a) of Theorem 12.2.11 
which allowed for a probabilistic representation of the constant b (and in fact an exact calculation for 
b when the environment is i.i.d. with Dirichlet distribution). We will provide here a brief discussion 
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of their techniques since we will use similar methods in analyzing the quenched distributions latej^- 
Their approach differs from that of [KKS75J in that they prove the annealed stable limit laws for 
T n by analyzing the potential V{x) of the environment as it was defined by Sinai in his analysis of 
recurrent RWRE [Sin83j . That is, 

YTiZl^Pi ifx>l, 
V(x):=L ifx = 0, (2.11) 

if ar < — 1. 

Since Eplogp < 0, V(x) is decreasing "on average". However, there are sections of the environment 
(traps) where the potential is increasing (which means the random walk is more likely to move left 
than right). It turns out that the key to analyzing the hitting times T n is understanding the amount 
of time it takes to cross the longest sections of the environment where the potential is increasing. 
To this end, define the "ladder locations" i>i of the environment by 

vo = 0, and Vi = inf{n > : V(n) < V(vi-i)} for all i > 1. (2-12) 

We will refer to the sections of the environment between Vi-i and Vi — 1 as the "blocks" of the 
environment. The exponential height of a block is given by 



M, 



k := maxjn^^j : <j< v k } = max ^e v ^~ v ^ k -^ : v k ^ <j< i*} . (2.13) 



Note that the M k are i.i.d. since the environment is i.i.d. Since P is i.i.d. and Eplogpo < 0, the 
potential V is a random walk with negative drift. Thus, a result of Iglehart on excursions of random 
walks with negative drift Igl72, Theorem 1] implies that there exists a constant C5 > such that 

Q(Mi > x) - C 5 x~~ s 7 as s ^ 00, (2.14) 

where, as usual, f(x) ~ g(x) as x — > 00 means that lim^^oo f(x)/g(x) = 1. Therefore, the largest 
exponential height amongst the first n blocks will be roughly of order n 1 ^. Enriquez, Sabot, and 
Zindy show in |ESZ08| that in analyzing T„, only the crossing times of the blocks in [0, n] with 
Mk > — - are relevant (the sum of the crossing times of all "small blocks" is o(n)). The limiting 
distribution for T n is then obtained by analyzing the annealed Laplace transform of the time to 
cross a "large block." The analysis of the latter is accomplished in two steps: first by showing that 
the quenched Laplace transform is approximately the Laplace transform of an exponential random 



1 With the exception of the method for analyzing the quenched Laplace transform of the crossing time of a large 
block, our work and jESZ08| were developed independently. 
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variable with a random (depending on the environment) parameter, and then by analyzing the tails 
of this random parameter. We will use this analysis of the crossing time of a large block later in 
our analysis of the quenched distribution of T n . Corollary 12.3.101 contains a precise statement of our 
approximation of the quenched Laplace transform. 

There have been a number other approaches to proving an annealed central limit theorem (i.e., 



part (c) of Theorem 12.2. ip under different assumptions, such as non-i.i.d. environments. Zeitouni 
|Zei04[ Theorem 2.2.1] gives an annealed central limit theorem for certain non-i.i.d. environments. 
Following an approach of Kozlov |Koz85j and Molchanov [Mol94j . Zeitouni uses homogenization, i.e., 
the point of view of the particle, to first derive a quenched central limit theorem for the martingale 
M n := X n — nvp + h(X n , oj) where 



h(x, u>) = < 



£j; o Vs(0V) - 1) if*>o, 

if a: = 0, 



- E7i>pS(0M - 1) tfz<o. 

An annealed CLT is then obtained by analyzing the fluctuations of the harmonic correction h(X n , to). 
In particular, writing 

[nv P ] 

Z n = Z n (u) := (vpS(9 j u) - 1), (2.15) 

he shows that -3=(Z„ — h(X n ,u))) tends to zero in P-probability, and that Z n satisfies a central 
limit theorem. Since Z n depends only on the environment, this can be combined with the quenched 
central limit theorem for the martingale M n to derive an annealed central limit theorem for X n with 
deterministic centering nvp. 

The argument in |Zei04j gives a quenched CLT for M n in which X n is centered by a function of 
both the environment and the position of the random walk. One would like to replace h(X n ,u>) by 
Z n (u>) to get a quenched CLT with random centering depending only on the environment. However, 



the argument of the proof in |Zei04j only shows that 



P^ [ Xn nVp + Zn > x ) — » $(-1), in P - probability. (2.16) 



ap t iy/n 

A second approach to proving an annealed CLT was given by Alili in [Ali99 . Alili's approach was 
to first use the Lindberg-Feller condition for triangular arrays to prove a quenched CLT for the 
hitting times T n . However, in order to translate this result to X n Alili needed to make restrictive 
assumptions which essentially forced Z n (u>) to be bounded (which can only happen for certain non- 
i.i.d. environments) so that the quenched (and therefore annealed) central limit theorem holds with 
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deterministic centering nvp. In Section [2.3.1[ we extend this approach to prove a quenched central 
limit theorem (with random centering) for i.i.d. and strongly mixing environments. That is, we 
show that the convergence in (|2.16[) holds for P— almost every environment to. 

It should be noted that the random centering necessary for a quenched central limit theorem is 
unique to one-dimensional RWRE. Recent results by Berger and Zeitouni [BZ08 and Rassoul-Agha 
and Seppalaincn [RAS08 show that, for RWRE in i.i.d. environments on Z d with d > 2, if the 
random walk has non-zero limiting velocity (i.e. vp ^ 0) and an annealed central limit theorem 
holds (and some other mild assumptions) , a quenched central limit theorem also holds with the same 
(deterministic) centering. 

Limiting distributions have also been studied for RWRE on a strip Z x {1, 2, . . . , to} which is a 
generalization of RWRE on Z with bounded jump size (identify elements (x, i) E Z x {1, 2, . . . , m} 
with xm+i G Z). Roitershtein Roi06] has used homogenization methods to give sufficient conditions 
for an annealed central limit theorem for transient RWRE on the strip for environments with certain 
mixing properties. A recent result of Bolthausen and Goldshcid [BG08] shows that recurrent RWRE 
on Z with bounded jump size either has scaling of order (logt) 2 (as was shown by Sinai in the 
nearest neighbor case |Sin83j) or satisfies a central limit theorem. The latter is shown to hold if 
and only if the random walk is a martingale (i.e. the environment has zero drift at each location). 
Also, Goldsheid |Gol07[ IG0IO8] has given quenched central limit theorems for RWRE on Z and on 
a strirrL 



2.3 Quenched Limits for Transient RWRE on Z 

In this section, we consider the quenched limiting distributions of transient RWRE on Z. As the pre- 
vious section showed, there are many results for annealed limiting distributions of transient RWRE 
on Z. Until now, however, there have been very few results on quenched limiting distributions. Alili 
[Ali99] and Rassoul-Agha and Seppalainen RASQ6] have obtained quenched central limit theorems, 
but under assumptions on the environment which do not include the case of nearest neighbor RWRE 
on Z in i.i.d. environments. In this section, we will state our main results on quenched limits for 
transient nearest neighbor RWRE on Z, and we will also give brief sketches of the proofs. The 
full proofs of the main results are contained in the Chapters [3][5] Previously, no quenched limiting 

2 Goldsheid's results were obtained independently from ours below. However, while Goldsheid is able to prove a 
quenched central limit theorem for ergodic environments, we are restricted to strongly mixing environments but are 
able to prove a functional central limit theorem. 
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distribution results were known for nearest neighbor RWRE in i.i.d. environmentqj. 

Our analysis of the quenched limits for transient, nearest neighbor RWRE is divided into the 
three different cases that appear in Theorem l2.2.1l depending on the value of the parameter s. These 
are respectively, the Gaussian regime (s > 2), the ballistic, sub-Gaussian regime (s G (1,2)), and 
the zero-speed regime (s G (0, 1)). The case s > 2 is handled in Subsection 12.3.11 while the cases 
s 6 (0, 1) and s G (1, 2) are handled in Subsection 12.3.21 

2.3.1 s > 2: Quenched Central Limit Theorem 

In this section we will give an outline of the proof of a quenched functional central limit theorem 
for certain nearest neighbor, one-dimensional RWRE. The full proof is contained in Chapter [3] To 
prove a functional CLT for the RWRE we will make the following assumptions: 

Assumption 1. The environment is uniformly elliptic. That is, 3k > such that u> G [k, 1 — 
P-a.s. 

Assumption 2. Eplogpo < 0. That is, the RWRE is transient to the right. 

Assumption 3. P is a-mixing, with a(n) = e~™ log( ") n for some r\ > 0. That is, for any l- 
separated measurable functions /i,/2 G {/ : ||/||oo < 1}. 

M/1M/2H) < Ep{h{u))E P {f 2 (u)) +a(l). 

Assumption [3] was also made in |Zei04[ Section 2.4] in the context of studying certain large 
deviations of one-dimensional RWRE. As noted in |Zei04[ Section 2.4], the above assumptions imply 
that — Y^i^o^&Pi satisfies a large deviation principle with a rate function J{x) (see [BD96 ). 

For our final assumption, we wish to restrict our attention to the regime where there is an 
annealed CLT. When the environment is i.i.d., Theorem 12.2.11 shows that this is the case when 
,s > 2, where s is the unique positive solution to EppQ — 1. Since we are not assuming i.i.d. 
environments, we need to define the parameter s differently. 

Assumption 4. J(0) > and s :— mm y> o ^J{y) > 2, where J(x) is the large deviation rate 
function for ± J2"=o lo SPi- 

Note that Varadhan's Lemma !)/!)> Theorem 4.3.1] implies that the parameter s defined in As- 
sumption's also the smallest non-negative solution of linin^oo i log_EpIIg n _ 1 = 0. Therefore, the 

3 As mentioned above, Goldsheid ^GolOT] has obtained a quenched central limit theorem similar to ours below, but 
this work was done independently and at the same time as our results. 
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above definition of s is consistent with the previous definition of s in the case of i.i.d. environments. 
Assumption 3] is the crucial assumption that we need for a central limit theorem, since it implies 
that Er-j 7 < oo for some 7 > 2. In fact, Et^ < 00 for all 7 < s (see Zei04] Lemma 2.4.16]). 

Let D[0, 00) be the space of real valued functions on [0, 00) which are right continuous and which 
have limits from the left, equipped with the Skorohod topology. Our main result in this Subsection 
is the following theorem: 

Theorem 2.3.1. Assume that Assumptions [T^ hold, and let 

n _ Xy nt ^ - ntvp + Z nt {u) 
B t 3/2 1 — 

where a 2 = Kt 2 — EpS(u>) 2 < 00 and Z n t is defined as in (|2.15p . Then, for P — a.e. environment 
uj, the random variables B n € D[Q, 00) converge in quenched distribution as n — > 00 to a standard 
Brownian motion. 

Sketch of proof. Since the hitting times are the sum of independent (quenched) random variables, 
we can use the Lindberg- Feller condition to prove a quenched functional CLT for the hitting times. 
In particular, as elements of D[0, 00), 

[nt] 

where a 2 = EpVar^n = Er^ — Ep{S{ui) 2 ), Wt is standard Brownian motion, and — ^ signifies 

convergence in distribution (in the space D[Q, 00)) as n — > 00 of the quenched law for P — a.e. 

environment to. (Note: although — ^> signifies convergence in distributin of random functions of t, 

in the above and subsequent uses of — ^ we will keep the index t of the functions for clarity). To 

transfer the CLT to the random walk, we first introduce the random variable X£ :— maxfc< 4 X k 

which is the farthest to the right the random walker has gone by time t. The mixing properties of P 

and the fact that X n — > +00 with positive speed vp, are enough to show that X* is very close to X n 

(in particular, eventually X* — X n < log 2 (n) for all n large enough) . Then, a standard random time 
X*,, ■ 1 ex- 



change argument (t 1— > -^ L ) implies that -^j^ J2k=K Tk ~ E^ T k) — ^ W Vp . t . Next, the definition of 
X t * implies that 



x* t / x* \ x* 



f> fc - E^T k ) < -L= ( nt-y^E u T k | < — ^ Y> fc - E u r k ) + ^1+1 
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Therefore, since we can prove that is negligible, we obtain that 



-1 



k=l 



1 / Kt 

—^IX^-ntvp + Y^vpE^-l 



W Vr 



(2.17) 



All that remains in order to obtain a quenched CLT for X n is to replace X* t by X nt (which is 
easy since the difference is of order log (n)) and then replace the centering ^2 k ={(vp E^t^ — 1) by 
Ylk=i ( v pEui~k — 1) = Z nt (uj) which depends only on the environment. (This is the same Z n as 
defined above in (|2.15[) .) This replacement is the hardest part of the proof, and is accomplished by 
first proving that for a < 1, 



max 

j,k£[l,n];\k-j\<n" 



1 k 1 



0, 



a.s. 



and then, using this, to showing for any ^ < a, 



Puj [ sup \X* t - ntvp\ > n a 

\0<t<l 



0, P-a.s. 



Finally, since 



Pu, I SUP —= 

0<t<l V n 



ti vp ti vp J 



<P W ( sup \X* t -ntvp\ >n a 

\0<t<l 



Pu, 



max 

j,ke[l,n];\k-j\<n a 



max 

j,ke[l,n];\k-j\<n a 



-jsD"-f' 

1 * 



> 



for any a G (^, 1), the above estimates imply that the first two terms on the right go to zero, and 
the quenched functional CLT for hitting times implies that the third term goes to zero also. Thus, 
all the replacements in (|2.17p discussed above are valid, and we get the quenched functional CLT 
for the random walk: 

X\nt\ — ntvp + Z nt p a 



3/2 r- 
Vp (Jy/n 



Wu P-a.s. 



□ 
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2.3.2 Quenched Limits when s < 2 

In this section we will give an outline of our results on the quenched limiting distributions of transient 
nearest neighbor RWRE on Z in the annealed sub-Gaussian regime (i.e., s < 2). The full proofs are 
contained in Chapters [4] and [5l 

For our main results in this section, we will make the following assumptions: 

Assumption 5. P is an i.i.d. product measure on such that 



Assumption 6. The distribution o/logp is non-lattice under P and Epp s logp < oo. 

Assumption \5\ contains the essential assumption necessary for the walk to be transient. Note 
that Epp 1 is a convex function of 7, and thus Epp 1 < 1 for all 7 £ (0, s). Corollary 12.1.31 then 
gives that s < 1 if and only if up = 0. Assumption [6] is a technical condition that was also invoked 
in [KKS75] for the proof of the annealed limit laws and is used here to give that certain random 
variables have regularly varying tails. Our main results, however, seem to depend only on much 
rougher tail asymptotics. Thus, we suspect that in fact Assumption [6] is not needed for Theorems 
12.3.21 - [2.3.51 However, Assumption [5] is probably necessary for Theorem 12.3.61 which is interesting 
in its own right and which greatly simplifies the proofs of Theorems 12.3.21 - 12.3.51 

As was shown above, when s > 2, the limiting distribution for X n is Gaussian in both the 
annealed and quenched cases (with a random centering in the quenched case). Therefore, when 
s < 2, one could possibly expect the quenched limiting distributions to also be of the same type as 
in Theorem 12.2.11 Somewhat surprisingly, this turns out not to be the case. In fact, when s < 2, 
there are no quenched limiting distributions for X n (or for its hitting times T n ). Moreover, we are 
able to prove that for almost any environment to there exist two different random (depending on 
the environment) sequences along which different quenched limiting distributions hold. We divide 
our analysis of the quenched limiting distributions when s < 2 into two subcases: s G (0, 1) and 



When s £ (0, 1) our main results are the following: 

Theorem 2.3.2. Let Assumptions® and® hold, and let s < 1. Then, P-a.s., there exist random 
subsequences t m — t m {io) and u rn = u m (uj) such that, 



Ep logp < and Epp s = 1 for some s > 0. 



(2.18) 



se (1,2). 




-0, 



in P^ -probability. 
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Theorem 2.3.3. Let Assumptions^ and\^ hold, and let s < 1. Then, P-a.s., there exists a random 
subsequence n^ m = n^ m {bj) of = 2 2 and a random sequence t m = t m (ui) such that, 

lim J5I*2L = 1 (2.19) 

- logra fcm s 



m— >oo 



and 



lim P„ < x = 



m — »oo 



if < x < oo . 



Remarks: 

1. Theorem 12.3.21 is a strong localization result. Recall the definition of the ladder locations in 
(|2.12[) . In the proof of Theorem l2.3.2l we prove that, with probability tending to 1, the distribution 
of the random walk at time t m is concentrated near a single block. Since the block lengths — 

are i.i.d. with exponential tails, the longest of the first n blocks is on the order of logn. 

2. Theorem [5331 shows that the strong localization in Theorem 12 . 3 . 21 does not always occur. Note 
that (|2.19|) implies that the scaling is roughly of order t^, which is what the annealed scaling is 
when s € (0, 1) in Theorem |2~2~T1 

We now state our main results in the case where s £ (1,2). When s G (1,2), the existence 
of a positive speed for the random walk allows us to get a more straightforward description of 
two different limiting distributions along different random sequences. Let &(x) and ^S(x) be the 
distribution functions for a Gaussian and exponential random variable, respectively. That is, 

f x 1 2, x < 0, 

<E>(a;) := / —=e~ v /2 dy and *(ar) := 

J-CO V27T 



1 - e~ x x>0. 

Theorem 2.3.4. Let Assumptions^ and® hold, and let s £ (1,2). Then, P — a.s., there exists a 
random subsequence nk m = nk m (uj) of nk = 2 2 and non- deterministic random variables Wfc miW such 
that 

lim ( ~ E ^ T n km < \ ^ yx e Rj 



and 



lim P u ( Xt,n Ukm < x ) = Vx e R. 

ro->oo \ Vpy/Vk m ,u 



where t m = t m (uj) := [E w T nkm \ . 

Theorem 2.3.5. Let Assumptions® and® hold, and let s S (1, 2). Then, P — a.s., there exists a 
random subsequence n^ m = nk m (u>) of rik = 2 2 and non-deterministic random variables w/c m ,w such 
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that 



and 



hm P w — < x = *(.t + 1), Mx e 



m— voo 



— r 



Urn P w ( " fc ' n < x I = 1 - *(-a; + 1), Vx € 



w/iere t m = t m (uj) := [£ w T n)ltm J . 
Remarks: 

1. The choice of Gaussian and exponential distributions in Theorems 12.3.41 and 12.3.51 represent the 
two extremes of the quenched limiting distributions that can be found along random subsequences. 
In fact, it will be shown in Corollary 12.3.101 that T„ is approximately the sum of a finite number 
of exponential random variables with random (depending on the environment) parameters. The 
exponential limits in Theorem 12.3.51 are obtained when one of the exponential random variables has 
a much larger parameter than all the others. The Gaussian limits in Theorem 12.3.41 are obtained 
when the exponential random variables with the largest parameters all have roughly the same size. 
We expect, in fact, that any distribution which is the sum of (or limit of sums of) exponential random 
variables can be obtained as a quenched limiting distribution of T n along a random subsequence. 

2. The sequence n& = 2 2 in Theorems 12.3.41 and 12.3.51 is chosen only for convenience. In fact, for 
any sequence growing sufficiently fast, P ~ a.s. there will be a random subsequence rik m (u>) such 
that the conclusions of Theorems 12.3.41 and 12.3.51 hold. 

3. The definition of Vk m ,u is given below in (12.25[) . and it can be shown in a manner similar to the 
proof of Theorem l2.3.6l below that linin^oo P (n k 2 ^ s Vk.uj < x^j — L?_^(x) for some b > 0. Also, from 
(j2.8p we have that t m ~ ETirt^ m . Thus, the scaling in Theorems 12. 3. 41 and 12.3.51 is of the same order 
as the annealed scaling, but cannot be replaced by a deterministic scaling. 

Before turning to the proofs of Theorems 12.3.21 - 12.3.51 we need to introduce some notation and 
state some preliminary results that will be used the the proofs of Theorems l2. 3.21 - 12.3.51 As was the 
case when s > 2, we study the quenched distributions of the location of the random walk by first 
studying the quenched distributions for the hitting times. The hitting times are then studied by 
examining the crossing times of the blocks of the environment T Vi — T Vi _ 1 , where the ladder locations 
Vi are defined in (]2.12|) . We now introduce some more notation that will help us deal with a couple 
of difficulties that arise in the analysis of T„ n . 

A major difficulty in analyzing T Vn is that the crossing time from Vi-i to z/, depends on the 
entire environment to the left of v%. Thus E V u~ 1 T Vi and E v J~ 1 T Uj (and similarly Var UJ {T Vi — T Vi _ x ) 
and Var^iTy, — T v . y )) are not independent even if \i — j\ is large. However, it can be shown 
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that the RWRE generally will not backtrack too far (in fact, Lemma [3.2.11 implies that X* — X n = 

o(\og 2 n), P — a.s). Thus, the dependence of E%'~ 1 T Vi and E$~ l T v , is quite weak when \i — j\ 

is large. (The explicit formulas for the quenched mean and variance of hitting times (|2.7[) and 

(|2.9p make this dependence precise.) Thus, with minimal probabilistic cost, we can modify the 

environment of the RWRE to make crossing times of blocks that are far apart independent. For 

n = 1,2,..., let b n := [log 2 (n)J. Let X t be the random walk that is the same as X t with the 

added condition that after reaching v% the environment is modified by setting to Vk _ b — 1 , i.e., never 

allow the walk to backtrack more than log 2 (n) ladder times (that is, we deal with a dynamically 

changing environment). We couple with the random walk X t in such a way that x[ n ^ > X t , 

- r n \ 

with equality holding until the first time t when the walk X t reaches a modified environment 
location. Denote by tJ™' ) the corresponding hitting times for the walk x[ n ^ . It will be shown below 
in Chapter [4] that lim„_ 1 . 00 Puj(T Vn ^ Tj)„ ) = 0, P — a.s., so that the added reflections don't affect 
the quenched limiting distribution. 

A second difficulty is that, under P, the environment is not stationary under shifts by the ladder 
locations. However, if we define a new measure on environments by Q{- ) = P(- |V(x) > 0, Vx < 0), 
then under Q the environment is stationary under those shifts. In particular, {E^~ 1 T Vi }°°^ 1 and 
{Var UJ (Tv i — T Vi _ 1 )}^. 1 are stationary under Q. It should be noted that events only depending on 
the environment to the right of the origin have the same probability under Q and P. In particular, 
if we let 

u- — B"<-itW and a 2 — Vnr (f ^ - f (™M 

then Hi, n ,uj and of n u have the same distribution under P and Q when i > log 2 n. 

One of the main preliminary results that we obtain is the following annealed stable limit law: 

Theorem 2.3.6. If s < 1, there exists a constant b' > such that 

lim Q ( u " n < x ) = L s V {x). 

n — >oo \ n ' J 

If s < 2, then there exists a constant b" > such that 

lim Q ( ar " " n < x J = L 8 /2 b „{x). 

n— >oo \ ri I I 

Sketch of proof : We first derive the tail asymptotics of EJT V and VarJT v under Q. In particular, 
we prove that there exists a constant 6 (0, oo) such that 

lim x s Q{E UJ T v >x) = Koo, and lim x s/2 Q{Var LU T lJ > x) = K^. (2.20) 
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The proof of the tail asymptotics of EJT V is similar to the proof of tail asymptotics in |KKS75j and 
is based on the explicit formula EJT V = v + 2 Y^=o Wj from (|2.7|) and a result of Kesten [Kes73j 
stating that there exists a constant K such that P(Wi > x) = P(Ri > x) ~ Kx~ s . The tail 
asymptotics of VarJT v are then derived by using the explicit formulas in ([2.70 and ([2.90 to compare 
V aruj T„ to (£^T„) 2 . 

Now, if {E^ 1 ^,}^! and {Var^T^ - T^,}^ were i.i.d. sequences, then (|2~20l) would be 
enough to prove the stable limit laws. Instead, we introduce some independence by adding reflections 
and restricting ourselves to large blocks. Recall the definition of Mj in (|2.13|) . Then, for any e > 0, 
we may re- write 

1 1 1 " 1 " 

i=l i=l 

The explicit representation of EJT\ in ([2.70 can be used to show that n~ x l s ' E u {T„ n —Tv^) converges 
to zero in Q-probability. Also, ([2.70 can be used to show that iM,n,u cannot be too much larger than 
Mi, and then, since the Mi are i.i.d., ([2.140 can be used to approximate the number of i < n with 
Mi G {n^'y^n 1 - 1 - 6 "^ 3 } for any e',e" > 0. Therefore, the second term on the right in ([2.210 also 
converges to zero in Q-probability. Finally, it can be shown that the tails of EJT V are not affected 
by the added reflections and restrictions to "large blocks" with > 7i^ 1_e ^ s . That is, we can show 
lim^oo nQ(^ ntU > xn 1 / 8 , Mi > n 11 ^/ 5 ) = K^x^ 3 . Then, ([2.140 implies that the "large blocks" 
are far enough apart so that {Mi,n,u)lM >n( 1 -<0/<>}|=i i s mixing enough to be able to apply a result 
of Kobus Kob95] to prove a stable limit law for the last term in ([2.210 . □ 

We now turn to a brief discussion of the proofs of our main results, Theorems 12.3.21 - 12.3.51 

Proofs of the Main Results when s < 1 
Sketch of proof of Theorem \2.3.2i 

The idea of the proof of Theorem l2.3.2l is to find a subsequence of the ladder locations Vj m such that 
the expected time to cross from fj m -i to Vj m is much larger than the expected time to first reach 
fj m —i- From this, we can then find a sequence of times t m such that, with probability tending to 
one, X tm € [vjm— l) v jm)- The main result needed to find this subsequence is given by the following 
lemma: 

Lemma 2.3.7. Assume s < 1. Then, for any C > 1, 

liminf Q 3k G [l,n/2] : M k > C V E^T^ > 0. 

\ 36[1,7»]\{*} / 
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Sketch of proof : Note that, since C > 1 and E^ k 1 Tu™ > Mk, there can only be at most one k < n 
with M k > C^< n ££ , "'4 n) - Therefore, 

Q |3fc G [l,n/2] : M k > C £ ^-fW] = [M* > C £ C^ 1 ^ ) . (2.22) 

V ie[i,n]\{fe} / fc=i V J'e[i,n]\{fc} / 

Now, E^ ^tI^ depends on the environment between v k ~\ and v k for k < j < k + b n . However, it 
can be shown that X^=it+i E^^T^' — o{rT 1 f s ) with Q— probability tending to one. Then, since 
iC 3-1 ?^ is independent of for all j < k or j > + 6 n , 



J£[l,n]\{fc} 

> 



> 



(Q(M fc > C71 1 / 5 ) + (l/n)) (Q + E^ k+bn f^ < (1 + o(l))n 1/s ) + o(l)) 

(g(M fc > Cn 1 ^) + o(l/n)) (Q (B u fW < (1 + o(l))n 1/a ) + (i)) . ( 2 .23) 



Now, (l2~T4ll implies that Q{M k > Cn 1 / 3 ) = P(Mi > Cn 1 / 3 ) ~ C 5 C~ S ^ as n -> oo, and Theorem 
[MU implies that lim„^oo Q (EjT$ < (1 + o(l))n 1 / s ) = L S) y(l). Therefore, and (|2T2Uj) 

imply that 

liminf Q [ 3k G [l,n/2] : M fe > C V E^f^ ) > \c 5 C' s L sM {l) > 0. 
V je[i,»]\{fc} / 



□ 

Lemma 12.3.71 can then be used to prove that, for P— almost every environment u>, there exists 
a sequence j m — jm{oj) such that Mj m > Tn 2 fij mi j miU . Now, let t m = t m (uo) :— ^-Mj m and 
u m = u m (u>) := Uj m -i. Since X£ — X t — o(log 2 t) and maxj<i Vi — Vi—\ = o(log 2 t), it is enough to 
show that 

lim P u {X* m G W jm -i,v jm )) = 1. 

m— *oo 

However, 

p w (x* tm < Vjm ^) = Pu, {T Vjm _ t > t m ) < p u (r V]m _ t ± fWj + P u (t<m 1 > t m ) . 

The first term on the right tends to zero, and, by Chebychev's inequality and the definition of t m , 
the second term is bounded above by 

l> j „, — - - ■ 



t m ^ m ' Jm "" M jm ~ m 
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On the other hand 

p w (x* m < Vjm ) = p^(T V]m > t m ) > p^- 1 (r Vjm > ^M jm ^j > p^™- 1 (r+ m i < T Vjm y Mim , 

where T+ := min{n > : X n — x} is the first return time to x. Then, (|2.4p can be used to show 
that this last term is larger than (1 — l/AIj m )~ Mjm which tends to 1 as m — > oo. □ 

Sketch of proof of Theorem \2.3.3i 

Theorem 12 . 3.31 represents the opposite extreme of Theorem l2.3.2l Therefore, in contrast to the proof 
of Theorem 12.3.21 the key to proving Theorem 12.3.31 is to find sections of the environment where 
none of crossing times of a block is much larger than all the others. 
To this end, let 

Ss,n, a := U n{4,^[« 2/i ,2n^)} □ {4n,.<n 2/S }) > 

IC{l,Sn] je[l.Sn]\I I 

#(/)=2a 

and 

Us, n ,c ■= < V Mi,n, w < 2n^ s } . (2.24) 




On the event Ss t n,a, 2a of the first dn blocks have roughly the same size crossing times and the rest 
are all smaller. On the event Ss, n ,a H Us, n ,c, we have additionally that the total expected crossing 
time from i/g n to v cn is smaller than the large expected crossing times in the first dn blocks. By 
Theorem 12.3. 6[ Us, n ,c is a typical event in the sense that Q(Us t n,c) tends to a non-zero constant as 
n — ► oo. If the u^ n ^ u were independent, an easy lower bound for Q(Ss^ n .a) would be 

(X) Q g [" 2/s ' 2 " 2/s )) 2a ^ ( e " t »- ^ ni/s ) ■ 

(In Chapter [H we account for the dependence of the u i n uj to get a slightly different lower bound. 
However, the difference between the true lower bound and the lower bound given above is negligible 
for the purposes of our argument here.) Now Q {EJT v&n < n 1 /*) has a non-zero limit as n — > oo by 
Theorem 12.3.61 and for S small and a and n large, we have that (^)Q {p\ n u € [n 2 / s , 2n 2 / s )) 2a is 
approximately 

(2a)! [ °° ' ~ (2a)! ' 
This lower bound is good enough to ensure that events like Sg t n,a H Us, n .c happen infinitely often 
along a sparse enough subsequence. The definitions of Ss t n.a and Us, n .c imply that, along this 
subsequence, there are many large blocks whose expected crossing times are approximately the 
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same, and all the other blocks have smaller expected crossing times. We then apply the Lindberg- 
Feller condition for triangular arrays to show that the limiting distribution of hitting times along 
this subsequence is Gaussian. In particular, let n k := 2 2 and d k '■= n k — n k -\. Then, for P— almost 
every environment to, there exists a random sequence n km — n km (uj) and a m < j3 m < "f m with 
a m = Hfe m _i, m = o(n km ) and lim m ^oo ^ m /n km = oo, such that for any x m S [vf3 m ,v lm ]i 

(rp E T \ x ^ 

— . X — < V = ®(y), where v m ^ := V [i 2 i d 

Moreover, the subsequence is chosen so that linim^oo v m ^/d^/ s — oo and limm^oo E^ m T Ujm / d\! ' s < 
2. Finally, letting t m = t m (uj) :— E u T ntt , we have for any x > 0, 

Plu (^<x)= P u (T xnkm > t m ) = P u ( Txnk - > E.T nkm ^T xnkn 

\ n k m J \ y/V m ,uj ^/V m ,uj 

Then, since for all m large enough vp m < n km < xn^ m < v lm , 

lnt ™ ^ Z~JV(0,1) and " < ^ f^g 0. 



m — >oo 



Therefore, lin^^oo P w (^f 2- < ^ — § f° r an y £ > 0. The proof of Theorem 12.3.31 is then finished 



by first showing that limm^oo lo ° s Tt t " = lim m _>oo — lo ^, lk " km = § i an d then recalling that JT t * — X 



o(\ogH). □ 
Proofs of the Main Results when s 6 (1,2) 

It turns out to be much easier to transfer limiting distributions from T n to X n when s > 1 than it 
was when s < 1. This is due to the fact that, first, the walk moves with a linear speed nvp, and, 
second, the fluctuations of the variance are of order n 1 ' 8 — o(n). A key to proving Theorems 12.3.41 
and 12.3.51 is the following proposition: 

Proposition 2.3.8. Let Assumptions® and® hold, and let s S (1,2). Also, let n k be a sequence of 
integers growing fast enough so that lim/^oo -j+j- = oo for some S > 0, and let 

n k-l 

d k := n k - n fc _i, and v ktU1 := a ld k ,» = Var " ~ T ^-J ' (2 ' 25) 

z=nj,_i+l 

Assume that F is a continuous distribution function for which P — a.s. there exists a subsequence 
n km = n km (u>) such that, for a rn := n km -\, 

(rp( d k m ) _ J? V <x m rf(d km ) \ 
pL_ Xm <y)=F(y), Vj/GM, 



m — >-oo 
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for any sequence x m ~ rik m . Then, P — a.s., for all y£R, 



m — >oo 



lim Pui x '" < y = (2.26) 



for any x m ~ 7ifc m , and 

lim | 

where t m := [E u T nhm \ . 



Sketch of proof. As mentioned previously, there is not much difference between the distributions of 
T x d J^ m ' and r Xm . In particular, we can show that 

lim P^° m fT Xm ^ ri^" l)N ) = and lim E v J m (T Xm - T [ x * m) \ = 0, P - a.s. 



Thus, to prove (|2.26|) , it is enough to show that 

T u . - EJI 



lim P„ 



> e = 0, P-a.s. (2.28) 



However, T Uam — E u T Vatm is roughly of the order dm ~ {Epv\)n k _i, whereas ^/Vk m ,u is roughly 
of the order n]/ s . The conditions on the rate of growth of rik are enough to show that (|2.28[) holds. 
Also, note that the convergence in (|2.26p must be uniform in y since F is continuous. 

Since X£ — X t = o(log 2 f), it is enough to prove (|2.2T[) for A t * m in place of X tm . For any y G K, 
let x m (y) ■= \n km + yv Py /Vk m ,uj] ■ Then, 

Pu ( Xt ™~^2 < y) = Pu (X; m < x m {y)) = P u (T Xm(y) > t m ) 



VPy/Vk m ,UJ 



Since the scaling ^Vk m ,u> is roughly of the order n 1 ^ — o(rife m ), we have that x m (y) ~ n* m - There- 
fore, recalling that the convergence in (|2.26[) is uniform in y, it is enough to show that 

lim tm - E » T *<"M = - y . (2.30) 
Assuming that y > (a similar argument works for y < 0), we may re- write 



im F u T Xrn (y^ 1 



y Et^Ti. 



Since s > 1, this should be close to — yvpKT\ = —y. In fact, it can be shown that the sequence rik 
grows fast enough to ensure that (|2.30[) holds for any y 6 M. □ 
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Sketch of proof of Theorem \2.3-4\ - 

As in the proof of Theorem 12.3.31 the key is to first find a random sequence along which the 
hitting times have Gaussian limiting distribution. The sequence can be chosen in such a way so 
that Proposition 12.3.81 can be used to give Gaussian limits for the random walk along a random 
subsequence. The proof of the existence of Gaussian limits for hitting times is almost identical to its 



analogue in the proof of Theorem 12.3.31 The main difference is that, instead of using the set Us t n,, 
from (|2.24p . we instead use 

[i=|_j7nj+l 

□ 

Sketch of proof of Theorem \2.3.5l 

First, we need to show that the crossing time of a large block is approximately exponentially dis- 
tributed. As mentioned above, we follow an idea from [ESZ 08 in computing the quenched Laplace 

~(n) . ~(n) 

transform of T„ . The strategy is to decompose Tu into a series of excursions away from 0. 
An excursion is considered a "failure" if the random walk returns to zero before hitting v (i.e., if 
T v > Tq := minjfc > : Xk = 0}) and a "success" if the random walk reaches v before returning 
to zero. Let p w := P w (T, y < Tq~), and let N be a geometric random variable with parameter p^ 
(i.e., P(N = k) = p u {l — p u ) k for k 6 N). Also, let {Fi}^l 1 be an i.i.d. sequence (also independent 
of N), with F\ having the same distribution as T^ conditioned on |T , i™' > > T^ j, and let S be a 
random variable with the same distribution as T v conditioned on |ri™^ < Tq^| and independent of 
everything else. Thus, 

N 

fW L = S + £ F, (quenched). (2.31) 



Consequently, 



= E ul e 



-AS Pu 



l-0—p u ){E u e-^) 



= E ^ X \ + E u N { l-E u e-^r VA ^°' 



where, in the last equality, we used E W N — 1 p PuJ . Therefore, since 1 — x < e 1 < 1A(1- x + 
for any x > 0, 



1 + \{E u N){E u Fx) ~ ~ i + \{E„N){E„F{) + ^{E W N){E^) 
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Then, replacing A by — and noting that lii t n,u> — 

1 - \**s_ . f (»' 1 

|Ul,ra,u> i-i -At— - 1 



1 + A 1 



Now, the failures and excursions F\ and S can be represented as random walks in certain modified 
environments, and therefore we can use the formulas (|2.7|) and (|2.9|) (which hold for any environment) 
to get bounds on E^S and E^F^ when Mi is large. Thus, we can show that, with probability close 
to one, E w e m,n,m i s approximately j^j when M\ is large. In particular, letting <j>i, n (X) := 
E^^ 1 exp < ~A-j-^ — > be the scaled, quenched Laplace transforms, we are able to show: 



Lemma 2.3.9. Assume £ < g, and let e' :— 1 5 8g > 0. Then, 

\-\n- E / s 1 



Q 3A > ; lin (A) £ 



1 + A 'i + A-(A+^) 



, Mi > n (1 " e)/s j = o(n _1 - B ') 



Corollary 2.3.10. Assume e < g, and Ze< := 2 2 . Then, P — a.s., for any sequence if. = ifc(u>) 
swc/i i/iaf ?fc £ (nfc_i,7ife] and > du~ £ ^ s , we ftawe 

lim ^ A (A) = — |— , VA>0, (2.32) 

one? i/jus 

lim i^'*- 1 (fW > x/w*,-) = tf (a), Vie e R. (2.33) 

Assuming Corollarv l2.3.10l we can then complete the proof of Theorem l2.3.5l In a manner similar 
to the proof of Theorem 12.3.21 we find random subsequences rifc TO = Tik m (u)) and i m = i m (u>) E 
(nfe m _i, Hfe m ], such that the time to cross the first nfc m blocks is dominated by T„f km — Tuf^™}, 
which by Corollarv l2. 3.101 is approximately exponentially distributed. The proof of Theorem 12.3.51 
is then completed by an application of Proposition 12.3.81 

□ 



Chapter 3 



Quenched Functional CLT 



In this chapter, we provide a full proof of the quenched functional central limit theorem (CLT) stated 
in Chapter [51 To keep the chapter self-contained, we repeat the assumptions that were stated in 
Subsection 12.3.11 

Assumption 7. The environment is uniformly elliptic. That is, 3k > such that u> G [k, 1 — 
P-a.s. 

Assumption 8. Ep(S(uj)) < oo. Thus, the random walk is transient to the right with positive speed 
Vp := linin^oo — = „ * > 0. 

Assumption 9. P is a-mixing, with a(n) = e~™ log( ") + ' for some n > 0. That is, for any l- 
separated measurable functions /i,/2 € {/ : ||/||oo < 1}j 

E P (h(u)h(u)) < Ep{f x {u))Ep{f 2 {u)) +a(l). 

As noted in |Zei041 Section 2.4], the above assumptions imply that — Y^^o^&P* satisfies a large 
deviation principle with a good rate function J(x). (Recall that a non- negative function J(x) is a 
good rate function if J{x) is lower semi-continuous and {x : J(x) < M} is compact for all M .) The 
final critical assumption is then 

Assumption 10. J(0) > and s := mm y> o i J(y) > 2, where J(x) is the large deviation rate 
function for A X^"^ 1 lo S^- 

Recall that when P is i.i.d., the parameter s can also be defined as the smallest positive solution 
to Eppo = 1 (as in Theorem 12. 2. ip . Assumption [TU1 is the crucial assumption needed for a central 

27 
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limit theorem, since it implies that EtJ 7 < oo for some 7 > 2. In fact, that Er^ < 00 for all 7 < s (see 
Zei04, Lemma 2.4.16]). Since we will use this repeatedly, we fix such a 7 6 (2,s) for the remainder 
of the Chapter. 



3.1 Quenched CLT for Hitting Times 

The first step in proving a quenched functional CLT for the RWRE is to prove a quenched functional 
CLT for the hitting times. Recall that D[0, 00) is the space of real valued functions on [0, 00) which 
are right continuous and which have limits from the left, equipped with the Skorohod topology. For 
any environment u>, let Z n € D[0, 00) be defined by 

V^, „ 1 [ntj [nt] 



Z? := — p - = 



v i— 1 v 



where ct 2 = E(r x 2 ) - £ P (5(w) 2 ). 

Theorem 3.1.1. The hitting times T n satisfy a quenched functional CLT. That is, for P — a.e. 

environment u>, the random variables Z n 6 D[0, 00) converge in quenched distribution as n — > 00 to 
a standard Brownian motion. 

Proof. Alili proves a quenched CLT for the hitting times T n in |Ali99| Theorem 5.1]. The proof here 
is a minor modification of Alili's proof that implies a functional CLT. First, note that by the remarks 
after Assumption 1 101 a 2 < 00. Then, a version of the Lindberg- Feller condition for triangular arrays 
of random functions [Bil99l Theorem 18.2] implies that it is enough to show the following: 

lim sup I - >'E U (r k - E w r k f - o 2 t\ = 0, VT < 00, P - a.s., (3.1) 



n — >oo 



and 



0<t<T 



[nT] 



/ 1 L«*J 

l n — ' 

V fe=i 



i™, ~ X] E " ^ Tk ~ jB " rfe ) 2l {l^-^r fe |> e% Ar}) =0, VT < 00, P - a.s. (3.2) 

^ fc=i 

The proof of (|3.2p can be found in the proof of Theorem 5.1 in |Ali99] and depends on the er- 
godic theorem and the fact that Ep \E u (t\ — E^ti) 2 ] = a 2 < 00. To prove (|3.ip we re-write 
E u (rfc - E u (Tk)) 2 = EujT 2 - {E u T k ) 2 = E k-i UJ T 2 - (Egk-i^n) 2 . Then, since P is an ergodic 
distribution on environments, we have that for any t, 

[nt] 

lim - V (E e u-x u Tf - (Eg^n) 2 ) = E p (E u t 2 - {E u Ti?)t = o-H, P - a.s. 

k=l 
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Thus, i Xll=*i ^uj( T k — E^Tfc) 2 converges pointwise to a 2 t. However, since both functions are mono- 
tone in t and the limit function is continuous, convergence is therefore uniform on compact intervals. 
Thus, we have finished the proof of (|3.1|) and, therefore, the proof of the theorem. □ 



3.2 A Random Time Change 

In this section we will use a random time change argument to convert the quenched CLT for the 
hitting times into one for the position of the RWRE. We begin with a few definitions, with a defined 
as in Theorem 13. 1.11 



XI := max{X n : n < t} = max ■ 



$><*} 

i=l ) 




(Ty/n 

The following lemma shows that we do not lose much by working with X* instead of X n : 
Lemma 3.2.1. For all S > 0, P (sup 0<4<1 X* t - Xy nt ^ > 5\og 2 (n) i.o.) = 0. 
Proof. First, note that the formulas for hitting times (|2.4p imply that 

Pu:iT_ M < OO) = = — — < n_ Af+ i. (l + Rlj = ) II-M+lj- 

tt-M 1 + K-M+l ~5 

Therefore, by the shift invariance of P, 

oo 

P(T_m<co)< E p( U o,k)- (3.3) 

k—M-l 

Now, since pk is bounded (by Assumption [7]) , and since J is a good rate function we may apply 
Varadhan's Lemma D Z98] Lemma 4.3.6] to get that 

lim ylogEpIIo^-! = lim - logE P e k (i^=° logPl ) = sup(ir - J(x)) < 0, 

k — >oo K k — >oo h x 

where the last inequality is due to Assumption fTOl and the fact that J(x) is non-negative and lower 
semi-continuous. Thus, there exists an no such that £^p(IIo,fe-i) < ei su Pi( I_J ( lc )) i for all n > uq. 
Then, (|3.3j) implies that there exists a constant Si > such that P(T_ A ./ < oo) < e~ SlM for all M 
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large enough. Therefore, for all n large enough, 

\ n — 1 

sup X* t - Xy nt] > 6 log 2 (n) ] <^2W X (X k <x-S log 2 (n), for some fc < n) 



o<t<i , X=Q 

< nP(T_ [5log 2 {n)] < oo) 

This last term is summable, and thus the lemma holds by the Borel-Cantelli Lemma. □ 

x * \ 

An immediate consequence of this last lemma is that hin^^oo — = linin^oo — vp, P — a.s. 
Letting (f> n (t) := and <fi(t) := t-vp for t > 0, this implies that converges to </)(i) pointwise. 

However, since each (/>" is monotone in t and 4> is monotone and continuous, the convergence is 
uniform on compact subsets. 

Lemma 3.2.2. For P — a.e. environment u, the random variables R n S -D[0, oo) converge in 
quenched distribution as n — ► oo to W Vp ., where W. is a standard Brownian motion. 

Proof. For any T £ (0,oo), let D[0,T] be the space of all real valued funtions on [0, T] which are 
right continous and which have limits from the left, equipped with the Skorohod topology. Then, it 
is enough to show that R n £ D[0,T] converges in quenched distribution to W Vp . in the space D[0, T] 
for all T < oo. 

For the remainder of the chapter, we will use r\ n — -* r\ to mean that r\ n converges in quenched 
distribution to rj as n — > oo. Note that the remarks proceeding the theorem imply that <fi n — -> (f> in 
D[0,T] for any T < oo. Also, recall that Theorem RTTTTl implies that Z n W. Also, note that 
Y n = Z n o (j) n by definition. Therefore, by BilgH lemma on p. 151], Y n E D[0,T] converges in 
distribution to W o <f>. (This is just a consequence of the continuous mapping theorem for Polish 
spaces and the fact that the mapping (x, tp) l— > x ° "0 is a continuous mapping from D[0, T] x Dq to 
D[Q,T], where Do C D[0, T] is the subset non-decreasing functions with values between and 1.) 

It follows from the definition of X* t , that J2i=l T i — n * < J2i=i T «- Thus, 

Y t n < R? < Y t n + -±=Tx it+ i. 

For any e > 0, Chebychev's inequality implies that P(Vfc > eVk) < e 'Er^fc Since 7/2 > 1, 

the Borel-Cantelli Lemma implies that lim^oo = 0, P — a.s. This can be used to show that 
maxi<„ converges almost surely to 0, and thus ~^ T x* t +i converges uniformly to for t £ [0, 1] as 
n —>■ 00. Thus, R n is squeezed between two sequences of functions that both converge in distribution 
to W vp .. □ 
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While it may not be immediately apparent, Lemma 13.2.21 is not far from a quenched functional 
CLT for the random walk. To see this, note that 



—j= \nt g E.r k j = ^— ^ ]X* t - ntv P + ^(v P E w r k 1) 



By Lemma 13.2. 1\ we may replace X* t above by Xy nt ^ without changing the limiting distribu- 
tion. Thus, to obtain a quenched functional CLT for the random walk, we only need to replace 
^2k=i( v pEu) T k — 1) by something that only depends on the environment. In order to accomplish 
this, we hrst need to make a few technical estimates. 



3.3 A Few Technical Estimates 



For the following Lemmas we will need to define a few additional random variables in order to 
take advantage of the mixing properties of the environment. Consider a RWRE modified by never 
allowing it to backtrack a distance of log 2 (n) from its farthest excursion to the right. That is, after 
first hitting i the environment is changed so that Wj_ |- log 2 = 1 . Let be the hitting time of the 

point i for such a walk, and then let :— T^ 1 ' — T^"\. Also let Er 1 ^"' ) ~: -krr- Note, the argument 

"p 

given in Lemma [3X1] shows that P(r 1 (n) ^ r x ) < P(T_ riog2(n) -| < oo) < e^ 1 ' ^™) = n -Si^ s (n) for 
all n large enough. Using this and the Cauchy-Schwartz inequality, it follows that that 

1/2 



< 



Thus, there exist positive constants A and B depending only on the law of the environment P, such 
that E(ti — Tj ') < An^ Blog ^ for all n. These constants A and B appear in the statement of the 
following lemma, which provides a crucial estimate: 

Lemma 3.3.1. For any x > and any integers k and n, 



( ^ ^1 

max > (Ti ) > a; 

\l<j< k ^ VP j 

< 2!^An- Bl ^ n + D^^— 



7 /2 



+ {k + 2K n ) + na(K n )j + l {An . 



rio«(»)> ft} , 



where K n :— |~log 2 (n)] 7 A and B are positive constants depending only on the distribution P, and 
D~f is a positive constant depending only on P and 7. 
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Proof. First, note that the probability in the statement of the lemma is less than 



max 

l<j<k 



E(W n) ) 



i=l 



> 



max 

i<i<fc 



EC 

j=l 



> 



( max V"7 rT ) 

\l<j<k £fv P v (n)' 



> 



(3.4) 



By Chebychev's inequality, the first probability in (|3.4|) is less than 

kP ( n - r[ n) >—)< — E|n - r^l < 
V 3k/ x x 

The third probability in (|3.4[) is either or 1, since it involves no random variables. Also, Tj < Ti 
for any n, and so ^- < -j^j- Thus, the maximum in the third term is obtained when j = k. Since, 



it follows that 



v^fc i l l - 



> f J < l{An- B1 °g(-)>^}- 



To get an upper bound on the second probability in (|3.4f) . we will break the sum inside the 
probability into "blocks" of exponentially mixing random variables. Let K n :— |~log 2 (n)~|. Now, 
7$ and rj™' ) are i4T„-separated if \i — j\ > 21og 2 (n). We will break the set of integers into 2K n = 
2[log 2 (n)l blocks: B = {. . . ,0, 2K n , AK n , . . .}, B x = {. . . , 1, l+2K n , l+4K n , . . .}, B 2 = {. . . , 2, 2 + 
2K n , 2 + AK n , . . .}, and so on. Then, 



max 

l<j<k 



Ec 



,(n) 











" 3 ; 





2/<„ 



max N 

l<7<fc ' 



E 



(n) 



ies m n[i,j] 



< 2if„ir | max 
i<j<fc 



E 

iGBin[l j] 



('<) 



,(»)• 



> 



> 



6X„ 



(3.5) 



Now, let 7$ be i.i.d. random variables that are independent of r|" , but with the same distribution. 
Then, the mixing properties of Assumption [5] allow us to substitute for with a small 
probabilistic cost. In particular: 



max 

l<j<k 



< 



E 

igBin[l,j 



/Er7 



(n) 



1 . 



> X 



2^„ 



na(K„ 



max 

i<i<fc 



» 



ieBin[i,j] 



> x 



(3.6) 
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To see this, we first substitute in for t± . For ease of notation, let :— r 4 
6 := r\ n) - -L. Then, 



— and 

V P 



max 

i<i<fe 



E 6 

zeBin[ij] 



> a; = E r 



I max 

i<i<fc 



E 6 

iGBin[lj"] 



> X 



max 

<j<fe 



(™-^) + E 6 

GBin[2if n + lj] 



Up 



< 



E^ 



Plj{t[ u) = m)P u I max 
i<j<fc 



(m ) 



E 6 



> a; 



> x 



< E p ( f i ( 



(n) _ 



max 

i<j<fc 



(m-— ) 
up 



E 6 



iGBin[2i<"„ + lj] 



+ P(r 1 ( ™ ) > n) 



>s I + na(K n ) + P(t 1 ( " ) > n) 



< it* I max 

i<i<fc 



& + E ^ 

ieB 1 n[2K n +i.j] 



> x +na(K n ) + — f . 
1 n 7 



Iterating this argument proves (|3.6p . Then, (|3.6|) and (|3.5|) imply 



(max y>W--L) >f\ 
< {k + 2K n ) f^lL +na (K n 



2K n 



max 

i<i<fc 



E - 

ieBin[i,j] 



(n) 



<(k + 2K„ 



Et7 



2 • WKl+t 

3ft 



E 



E 

ieBin[i,fc] 



(n) 



,(«)' 



» ■ 



> 



(3.7) 



The second inequality above follows from the Kolmogorov inequality for martingales, since the 

random variables (t^ ^y) are i.i.d. and have zero mean. 

v p 

The Zygmund-Marcinkiewicz inequality |CT78|, Theorem 2] says that for anyp > 1, there exists 

a universal constant C p such that E\^l =1 ^i\ p < C p E\ Yli=i £,?\ p ^ 2 i f° r anv independent, zero- 
mean random variables £j. If, in addition, p > 2, then by Jensen's inequality | 53i=i ^i\ p ^ 2 — 
kP /2-i ^fe =i |^| P) which implics E \ y$ =1 &|p < CpfcP/ 2 - 1 ^ {j^ti \&\ P ) ■ Furthermore, if the & are 
also identically distributed then this last term equals C p k p ' 2 E\^i \ p . Thus, since the random variables 



-j^j are i.i.d., we can apply the Zygmund-Marcinkiewicz inequality to obtain 
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Combining this with (|3.7p gives 



max 

l<j<k 



£< 



» 



i=l 



1_ 



Et, 



>-<(*: + 2if„) -4- + na{K n ) + ^—D 



2K„ 



7 /2 



where D 7 is a constant depending only on P and 7. 

The following lemma is the essential step in proving a quenched CLT: 
Lemma 3.3.2. For any a < j3 < 7, 



□ 



max 

j,ke[l,nfi]; \k— j\<n a 



1 . fc ^ 1 



1=3 



0. 



Proof. By dividing the interval [1, rir] into blocks of length n a , we get that for any 5 > 0, 



max 

j,fce[l,n"]; |fc-j|<n Q 



1 1 

"372 5Z( Tl ) 



>5\ < \n - a ] 



max 

Kfc<n° 



1J72 5Z( Ti ~ — ) 



> £ 



Now, choose an integer m large enough so that min{ (7 — j3) , (? — 1) (/? — a)} > — . Then, letting 2V r ' 
take the place of n above and applying Lemma I3XT1 (with k = N ma , x = |7V m ^/ 2 and n = N m ), 



max 

j,ke[i,N mf> ];\k-j\<N" 



N m PI 



D Ti VI ) 



l=J 



> 6 



< \N m ^- a ^P max 

\ Kk<N' 



> -AT™/ 3 / 2 
~ 3 



£fa - -) 

= [AT™(/3-«)] ^iV m 7(a-/3)/2 log(AT) 2 +7^ + £) fftrm(«-7)^ 

= O (n™^- 1 )^-! 3 ) log(AT) 2+7 ) + O (N m ^-^ 



Our choice of m makes both of the exponents of N in the last line less than —1 so that the last line 
is summable. Thus, the Borel-Cantelli Lemma implies that 



max 

j,ke[l,N™f>];\k-j\<N» 



1 1 

£( r * - —) 



jym/3/ 



N- 



0, P-a.s. 



(3.8) 



This essentially says that the limit in the statement of the lemma converges to along the subse- 
quence n m . It turns out this subsequence is dense enough to get convergence of the original sequence. 
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max 

j,fee[l,ra' 3 ]; |fc~j'|<n Q 



1 . . , 1 

teY^^ Ti ) 

i p ' — Vp 



< max 

J -,fce[i,r™ I/m l m ' 3 ];|fe-il<rn 1/m l' 



l/ml m/3/2 



\n 1 > m ~\ 



7/3/2 



j,k£ [1, rnVm] m/3]. |fc_j|< r„i/m-| • 



1 ;[ 
|" n l/m-| m/3/2 5Z( Ti _ ~) 



Since ["^V™] ™£/ 2 ^ n' 3 / 2 , we may apply (|3.8p . with TV = [n 1 /™], to finish the proof of the lemma. 



□ 



Corollary 3.3.3. For any j3 > 1 and an?/ (5 > 0, 



lim P w ( sup |X* t - ntv P \ > Sn p/2 ) = 0, P - a.s 

n-«x> \0<t<l / 

Proof. We may assume without loss of generality that (3 < 2. It follows that 

P w ( sup |X; t -rrf7j P | >£n^ 2 J 
\o<t<i / 

< P w (3t E [0, 1] : X* t > ntvp + Sn^ 2 ^ + P w (at € [0, 1] : X* t < ni Up - Sn 13 ' 2 



[nti> P -5n' 3 / 2 l 



<pjate [0,1]: ^ Ti<ntj +P W lit €[0,1]: 



Tj > nt 



<Pj inf V ( ri -±)<Z^ 

Cl ^ Vp Vp 



0<t<] 



P 



w I sup V (n - — ) 
o<*<i r-f «p 



1 s Sri?/ 2 - 1 
— > 

Vp Vp 



< 2P W max 

\ l<fe<n" 



> 



2?jp j ' 



i=i 

for all n sufficiently large. Then, Lemma l3. 3. 21 implies that the last line tends to zero asn-> oo. □ 
Corollary 3.3.4. For any f3 > 1 and 5 > 0, 



lim P w ( sup \X nf - ntv p \ > Sn 13 / 2 ) =0, P 
™-*°° \o<t<i ' / 



a.s. 
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Proof. First, note that 

P u ( sup \X nt - ntv p \ > Sn^' 2 ) 
\o<t<i / 



<P W \ sup |X„ t -X* t |>— - 
^o<t<i z 



P w I sup \X* t - ntv p \ > — — 

V0<t<l 1 



Then, the proof of the corollary follows from Lemma [3.2.11 and Corollarv l3.3.3l 



□ 



3.4 Quenched CLT for the Random Walk 



For t > 0, let 



\ntvp\ 

Z nt (uj) := 22 (vpEuTi - 1). 



Z nt will be the random centering that appears in the quenched CLT for the random walk. The 
following lemma is a consequence of the technical estimates of the last section: 

Lemma 3.4.1. For any S > and any t, 



lim P u I sup — !== 

o<t<i V n 



Proof. Let \ < a < 1. Then, 



Vp vp 



> 6 \ = 0, P - a.s. 



Pu, I SUp —= 

0<t<l V n 



X* 



i=l 



1 \ z nt 

uTj ) 

Vp Vp 



> 6 



P u I sup —= 

0<t<l v n 



A" 



— * r : , t — ' yp 



1=1 



Up 



i=l 



> <5 



< ( sup |X* t - ntop| >n a \+P LJ I max 

y0<t<l / I J.fce[l,n];|j-fc|<n a 



1 1 

^]T(p^ — ; 

v/n * — f vp 



>S\. (3.9) 



By Corollary 13.2. 1[ the first term in <|3 . 9 j) tends to as n — > oo, P — a.s. The second term in (|3.9 
is bounded above by 



P w | max 

j,fee[l,n]; |j-fe|<n° 



Pj | max 



; ( ^ yp 

1 k 

— ^-E^) 



> 
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Since a < 1, Lemma T3.3.2I shows that, P — a.s., the first term above goes to as n — * oo. Also, the 
quenched functional CLT for hitting times, Theorem 13.1.11 shows that, P — a.s., the second term 
above goes to as n — > oo. Therefore, P — a.s., the second term in (|3.9[) tends to zero as n — > 0. □ 

We can now prove a quenched functional CLT for the random walk. 

Theorem 3.4.2. Assume that Assumvtions^pU hold, and let 

n _ Xy nt] - ntvp + Z nt {uj) 

U t '— 3/2 /- 

where a is defined in Theorem \3.1.1l Then, for P — a.e. environment uj, the random variables 
B n S D[0, oo) converge in quenched distribution as n — > oo to a standard Brownian motion. 

Proof. As noted in the proof of Lemma 13.2.21 it is enough to prove convergence in quenched distri- 
bution in the space D[0, T] for all T < oo. We will handle the case when T — 1 since the proof is the 
same for any T < oo. For the remainder of the proof, when denoting convergence in distribution of 
random functions in D[0, 1], we will keep the index t for clarity. That is, we will write Z" — ^ W Vp t 
instead of Z n — -> W Vp .. 

Recall that Lemma T3 . 2 . 2 1 implies 

R n = nt-Y^r, = nt-^-Ef=UE^-±) ^ 
o~\J n cr V n 

Also, Lemma [3.4.11 shows that, as elements of D[Q, 1], 



(3.11) 



Combining (|3TTD|) and ([531)1 . 



nt — —Z nt (uj) .p 

> Wtvp, 



or equivalcntly (since Wt is symmetric), 

X* t - ntvp + Z nt (uj) x> u 



W t , 



3/2 /— 
Vp Oy/n 

in the space £>[0,1]. Finally, Lemma GOT] implies that nt ^ nt ^ 0. So, 

X nt - ntvp + Z nt (uj) x> u 



3/2 J— 

v p cr^Jn 



W t , 



in the space D[0, 1]. □ 



Chapter 4 

Quenched Limits: Zero Speed 
Regime 

This chapter consists of the article Quenched Limits for Transient, Zero Speed One- Dimensional 
Random Walk in Random Environment, by Jonathon Peterson and Ofer Zeitouni, which was re- 
cently accepted for publication by the Annals of Probability. This article contains the full proofs of 
Theorems 12. 3. 21 and 12. 3. 31 and the first part of Theorem l2.3.6l (sketches of these proofs were provided 
in Chapter (2). 

In order to keep this chapter self-contained, the above mentioned article has been left relatively 
unchanged. Therefore, much of the introductory material in Section 14.11 has already appeared in 
Chapters [T] and [2] The notation used in this chapter is consistent with the notation in Chapters Q] 
andd 

While the main results of this chapter are for the case when the parameter s € (0, 1), many of 
the preliminary results are true in greater generality. Since some of these preliminary results will be 
referenced in Chapter [5l which concerns the case s € (1,2), if no mention is made of bounds on s, 
then it is to be understood that the statement holds for all s > 0. 
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4.1 Introduction and Statement of Main Results 

Let f2 = [0, l] z and let T be the Borel a— algebra on f2. A random environment is an £l-valucd 
random variable uj = {wijigz with distribution P. We will assume that the u>i are i.i.d. The 
quenched law P x for a random walk X n in the environment u is defined by 



PZ(X Q = x)=l and p-{X n+l =j\X n = i) = 



io i if j = i + 1, 

1 — oji if j = i — 1. 



Z N is the space for the paths of the random walk {X n } n ^, and Q denotes the a— algebra generated 
by the cylinder sets. Note that for each ui € O, P u is a probability measure on Q, and for each 
G E Q, P£(G) : (Q,? 7 ) — > [0, 1] is a measurable function of Expectations under the law P x are 
denoted E^. The annealed law for the random walk in random environment X n is defined by 



X (F x G) = f P*(G)P{duj), FeT,GeG. 
Jf 



For ease of notation, we will use P u and P in place of P° and P° respectively. We will also use 
to refer to the marginal on the space of paths, i.e., P X (G) = ¥ x (fl x G) = E P [P X {G)} for G € Q. 
Expectations under the law P will be written E. 

A simple criterion for recurrence and a formula for the speed of transience was given by Solomon 
in |Sol75j . For any integers i < j, let 

1 — u- j 
Pi ■= -, and U Lj := TT p k , (4.1) 

k— % 

and for ieZ, define the hitting times 

T x := min{n > : X n = x} . 

Then, X n is transient to the right (resp. to the left) if Ep(\ogpo) < (resp. Ep logpo > 0) and 
recurrent if i?p (log po) = 0. (henceforth we will write p instead of po in expectations involving only 
Pq.) In the case where Ep log p < (transience to the right), Solomon established the following law 
of large numbers 

X n n 1 

vp := hm = hm — = , P — a.s. 

n^oo n n— >oo T n ET\ 

For any integers i < j, let 

j 

W id :=J2 n k,j, and II ,: X"' - - ^ 

k—i k<j 
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When Ep logp < 0, it was shown in |Sol75j . [Zei04[ remark following Lemma 2.1.12] that 

ElT j+1 = 1 + 2Wj < oo, P-a.s., (4.3) 

and thus vp = l/(l + 2EpWo). Since P is a product measure, EpWo = Y^k=i (Epp) k . In particular, 
vp = if Spp > 1. 

Kesten, Kozlov, and Spitzer KKS75 determined the annealed limiting distribution of a RWRE 
with Ep log p < 0, i.e., transient to the right. They derived the limiting distributions for the walk 
by first establishing a stable limit law of index s for T n , where s is defined by the equation 

E PP S = 1 . 

In particular, they showed that when s < 1, there exists a b > such that 

lim F[-^-<x) =L s>b {x), 

and 

lim P ( — < x] = 1 - Ls^x- 1 /*), (4.4) 
n— >oo V n s y 

where L S! b is the distribution function for a stable random variable with characteristic function 

L Stb (t) = exp ^b\t\ s (l - i-^ tan(7rs/2)^ J . (4.5) 

The value of b was recently identified ESZ08 . While the annealed limiting distributions for transient 
one-dimensional RWRE have been known for quite a while, the corresponding quenched limiting 
distributions have remained largely unstudied until recently. In Chapter [3] we proved that when 
s > 2 a quenched CLT holds with a random (depending on the environment) centering. A similar 
result was given by Rassoul-Agha and Seppalainen in RAS06 under different assumptions on the 
environment. Previously, in |KM84j and |Zei04| . it was shown that the limiting statement for the 
quenched CLT with random centering holds in probability rather than almost surely. No other 
results of quenched limiting distributions arc known when s < 2. 

In this chapter, we analyze the quenched limiting distributions of a one-dimensional transient 
RWRE in the case s < 1. One could expect that the quenched limiting distributions are of the same 
type as the annealed limiting distributions since annealed probabilities are averages of quenched 
probabilities. However, this turns out not to be the case. In fact, a consequence of our main 
results, Theorems 14.1.11 14.1.21 and 14.1.31 below, is that the annealed stable behavior of T n comes 
from fluctuations in the environment. 

Throughout the chapter, we will make the following assumptions: 
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Assumption 11. P is an i.i.d. product measure on such that 

E P logp < and E P p s = 1 for some s > 0. (4.6) 

Assumption 12. The distribution of log p is non-lattice under P and Epp s logp < oo. 

Note: Since Epp 1 is a convex function of 7, the two statements in (|4.6j) give that Epp 1 < 1 for 
all 7 < s and Epp 1 > 1 for all 7 > s. Assumption 1111 contains the essential assumption necessary 
for the walk to be transient. The main results of this chapter are for s < 1 (the zero-speed regime), 
but many statements hold for s € (0, 2) or even s S (0, 00). If no mention is made of bounds on s, 
then it is assumed that the statement holds for all s > 0. We recall that the technical conditions 
contained in Assumption [T2] were also invoked in [KKS75] . 
Define the "ladder locations" v L of the environment by 



vo = 0, and 



inf{n > 14 _i : U Vi _ lxn -i < 1}, i > 1, 

(4.7) 

sup{j < z/; + i : Uk,j-i < 1, Vfc < j}, i<-l. 



Throughout the remainder of the chapter, we will let v — v\. We will sometimes refer to sections 
of the environment between and i>\ — 1 as "blocks" of the environment. Note that the block 
between v_\ and vq — 1 is different from all the other blocks between consecutive ladder locations. 
Define the measure Q on environments by Q(-) = P(-\7Z), where the event 

n ~ {u> e o : n_ fc _i < 1, vfc>i}. 

Note that P(1Z) > since Ep log p < 0. Q is defined so that the blocks of the environment between 
ladder locations are i.i.d. under Q, all with distribution the same as that of the block from to 
v — 1 under P. In Section [4. 3[ we prove the following annealed theorem: 

Theorem 4.1.1. Let Assumvtions[TI\ and \12\ hold, and let s < 1. Then, there exists a b' > such 
that 

lim Q f ~~T~j^~ < x ) = L s b >(x). 

n — >oo \ 71 ' I 

We then use Theorem 14 .1.1 1 to prove the following two theorems which show that P — a.s. there 
exist two different random sequences of times (depending on the environment) where the random 
walk has different limiting behavior. These are the main results of the chapter. 

Theorem 4.1.2. Let Assumptions\7l\ and \12\ hold, and let s < 1. Then, P-a.s., there exist random 
subsequences t m = t m {uj) and u m = u m {oj) such that, for any 5 > 0, 

Um pJ X ( : m ~ U ; 1 e[-5,S]) =1. 
r,woo V (logi m ) 2 J 
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Theorem 4.1.3. Let Assumptions [771 and [TB hold, and let s < 1. Then, P-a.s., there exists a 
random subsequence — nk m {uj) of = 2 2 and a random sequence t m = t m (u>) such that 

log t m 1 



lim 

m— >oo \ognk„ 



and 



lim P u < x = 



m— >oo 



z/ < x < oo . 

Note that Theorems 14.1.21 and 14.1.31 preclude the possibility of a quenched analogue of the an- 
nealed statement (I4.4[) . It should be noted that in [GS02] , Gantert and Shi prove that when s < 1, 
there exists a random sequence of times t m at which the local time of the random walk at a single 
site is a positive fraction of t m . This is related to the statement of Theorem 14.1.21 but we do not 
see a simple argument which directly implies Theorem 14.1.21 from the results of [GS02 . 

As in KKS75 , limiting distributions for X n arise from first studying limiting distributions for 
T n . Thus, to prove Theorem l4.1.31 we first prove that there exists random subsequences x m — x m (cu) 
and v m ^ in which 

lim P. ( Tx - ~ff x - <y]= f V ~^=e- t2 ^dt =: $(„) . 



yf v m,u J J -oo v27T 

We actually prove a stronger statement than this in Theorem 14. 5. 101 below, where we prove that all 
Xyyi near a subsequence nk m of — 2 2 have the same Gaussian behavior (What we mean by 
"near" the subsequence nk m is made precise in the statement of the theorem.) 

The structure of the chapter is as follows: In Section 14.21 we prove some introductory lemmas 
which will be used throughout the chapter. Section 14.31 is devoted to proving Theorem 14.1.11 In 
Section 14.41 we use the latter to prove Theorem 14.1.21 In Section 14.51 we prove the existence of 
random subsequences {nk} where T nk is approximately Gaussian, and use this fact to prove Theorem 
14.1.31 Section 14.61 contains the proof of the following technical theorem which is used throughout 
the chapter: 

Theorem 4.1.4. Let Assumptions\TT\and\T^hold. Then, there exists a constant K^, € (0, oo) such 
that 

Q{E U T V > x) ~ K^x- 8 . 

The proof of Theorem l4.1.4l is based on results from [Kes73J and mimics the proof of tail asymptotics 
in [KKS75j . 
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4.2 Introductory Lemmas 

Before proceeding with the proofs of the main theorems we mention a few easy lemmas which will 
be used throughout the rest of the chapter. Recall the definitions of IIi^ and Wi in (|4.1ll and (|4.2j) . 

Lemma 4.2.1. For any c < —Eplogp, there exist S c , A c > such that 

P(U ltk > er ck ) = P (jX>gp 4 > -c^j < A c e~ 5 « k . (4.8) 

Also, there exist constant C\, C% > such that P(y > x) < Cie~ c ' 2X for all x > 0. 

Proof. First, note that due to Assumption II 1[ logp has negative mean and finite exponential mo- 
ments in a neighborhood of zero. If c < —Eplogp, Cramer's Theorem IDZ981 Theorem 2.2.3] then 
yields (|4.8[) . By the definition of v we have P(y > x) < P^o^j-i > 1), which together with (|4.8[) 
completes the proof of the lemma. □ 

From |Kes73[ Theorem 5] , there exist constants K, K\ > such that for all i 

P{W l > x) ~ Kx- S , and P{W % > x) < K lX ' s . (4.9) 

The tails of W-i, however, are different (under the measure Q), as the following lemma shows. 

Lemma 4.2.2. There exist constants C3, C4 > such that Q(W~i > x) < C^e~ CiX for all x > 0. 

Proof. Since IL^-i < 1, Q — a.s. we have W~\ < k + J2i<-k ^,-1 for any k > 0. Also, note that 
from gU) we have Q(n_ fe _i > e~ cfe ) < A c e- 5 " k / P(TZ). Thus, 

Q(W-i > x) < Q f | + e ~ Ck +Q (n-fe -1 > e- ck , for some k > |) 

OO 



□ 



We also need a few more definitions that will be used throughout the chapter. For any i < k, 

k 00 

/■',.;,: E"'-- and X! 11 '.'- ( 4 ' 10 ) 

Note that since P is a product measure, i?^ and Ri have the same distributions as Wi : k and Wi 
respectively. In particular with K, K\ the same as in (|4.9p , 

P(R l > x) ~ Kx~ s , and P(R, > x) < K lX - s . (4.11) 
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4.3 Stable Behavior of Expected Crossing Time 

Recall from Theorem 14.1.41 that there exists i-C^ > such that Q(E U T V > x) ~ K^x^ 13 . Thus 
EJT V is in the domain of attraction of a stable distribution. Also, from the comments after the 
definition of Q in the introduction it is evident that under Q, the environment to is stationary under 
shifts of the ladder times 2/$. Thus, under Q, {EtJ^T^i^z is a stationary sequence of random 
variables. Therefore, it is reasonable to expect that nT 1 ' ' s E u T Un = vT x l s ^ILi E^~ x T Vi converge in 
distribution to a stable distribution of index s. The main obstacle to proving this is that the random 
variables E^~ 1 T Vi are not independent. This dependence, however, is rather weak. The strategy of 
the proof of Theorem 14. 1.1 1 is to first show that we need only consider the blocks where the expected 
crossing time E%~ 1 T Vi is relatively large. These blocks will then be separated enough to make the 
expected crossing times essentially independent. 
For every k € Z, define 

M k := max{Il Vk _ uj : v k -i <j< Vk}- (4.12) 

Theorem 1 in Ilg l72| gives that there exists a constant C5 > such that 

Q(Mx > x) ~ C 5 x- S . (4.13) 

Thus Mi and EJT V have similar tails under Q. We will now show that EJT V cannot be too much 
larger than M\. From (|4.3[) we have that 

u-l u-l 

E u T y = v + 2^W ] =v + 2W- l R Q , v - X + ^Yl Ri ^- 1 - ( 4 ' 14 ) 

j=0 i=0 

From the definitions of v and Mi we have that Ri^-i < {v — i)M\ < vM\ for any < % < v. 
Therefore, EJT V < v + 2W- 1 vM 1 + 2v 2 M x . Thus, given any < a < (3 and S > we have 

Q{EJT V > 5n , Mi < n a ) < Q{v + 2W^ivn a + 2v 2 n a > 5n ) (4.15) 

< Q(W_i > n^/ 2 ) + Q (V > n^"")/ 2 ) = (e^"" 5 ") , 

where the second inequality holds for all n large enough and the last equality is a result of Lemmas 
14.2.11 and 14.2.21 We now show that only the ladder times with Mfe > rS x ~ e ^ s contribute to the 
limiting distribution of n^ 1 ' ' s EJT Vn . 

Lemma 4.3.1. Assume s < 1. Then for any e > and any S > there exists an r\ > such that 
lim Q ( Y,(E^T Ui )l Mi<n a-e)/s > Sn 1 /*) = (n"") . 
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Proof. First note that 

Q [^K^T^Im^i-^ > Sn 1 /*) < Q (X;^- 1 ^)!^-! (1 _ S)/J > 5n l ' s 



vi=l / \i=l 



+ nQ (E U T V > n^-fV'.Mi < r^ 1 ^/ 5 ) . 

By (|4. 1 5[> . the last term above decreases faster than any power of n. Thus it is enough to prove that 
for any S, e > there exists an rj > such that 

Q {^K^Tu^j-^^j. > SrfA = (n"") . 

Next, pick C e and let J c ,s,fc,n := < n : n* 1-0 * 6 )/' < E v J- l T Vi < n* 1-0 *"' ' e )' ' s \ . Let 

fco = fco(Cj£) be the smallest integer such that (1 — C k e) < 0. Then for any fc < ko we have 

Q( E ^-^W") <Q(#Jc, £ , fc ,„>fe 1/s - (1 - c " l£)/s ) 
\- •'<• ... / 

where the asymptotics in the last line above is from Theorem 14. 1.41 Letting r\ — | (i — C) we have 
for any fc < feo that 

q( X ^-^>*„V. = (4.16) 

Finally, note that 

Q {^(K^Tu^j^^-o^-^ > Sn'A < l nl+(1 _ o * - M/s > 5nl/ =- (4-17) 

However, since C k °e > 1 > Cs we have C °~ x e > s, which implies that the right side of (|4.17p 
vanishes for all n large enough. Therefore, combining (|4.16p and (|4.17[) we have 

E^- 1 ^) 1 ^- 1 ^^-)/. > Snl/S <Ec E K 1 - 1 ^ > v n 1/s 

i=l ) fc=l \ieJc, s ,ft,n ° 

□ 

In order to make the crossing times of the significant blocks essentially independent, we introduce 
some reflections to the RWRE. For n = 1, 2, . . ., define 

&„:=Llog 2 HJ. (4.18) 
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~ (n) 

Let X t be the random walk that is the same as X t with the added condition that after reaching V}. 
the environment is modified by setting u) Vk _ b = 1 , i.e. never allow the walk to backtrack more than 
log 2 (n) ladder times. We couple x[ n ^ with the random walk X t in such a way that x\ n ^ > X t with 
equality holding until the first time t when the walk x[ reaches a modified environment location. 

~ (n) .... - (n) 

Denote by Tx the corresponding hitting times for the walk XI . The following lemmas show that 
we can add reflections to the random walk without changing the expected crossing time by very 
much. 

Lemma 4.3.2. There exist B 1 5' > such that for any x > 

Q (E U T V - E u tW > < B{x- S V l)e- s ' K . 

Proof. First, note that for any n the formula for Ejf^ is the same as for EJT V in (|4.14ll except 
with Pv_ bjl = 0. Thus EJT V can be written as 

E U T V = E u f^ + 2(1 + Wu^-^Uu^^Ro^-i. (4.19) 

Now, since v~b n < ~b n w ^ have 

oo oc 1 

Q ( n ^-b„ -i > eT chn ) < ^2 Q ( u -k-i > e~ ck ) < - R ^P(K-k,-i>e- ck ). 

k=b n k=b n [ ' 

Applying (|4.8j) . we have that for any < c < —Ep log p there exist A' , 6 C > such that 

Q(n i ,_ 6n ,_ 1 >e- c6 ") < A'e- S " K . 

Therefore, for any x > 0, 

Q (E U T V - E u fW > z) < Q (2(1 + W^-On^.-iiZo.v-i > x) 

< Q (2(1 + W v _^- X )Rq^-x > xe cb ") + A'e" 5 * 6 " 

= Q (2(1 + W-i)Ro, v -i > xe cK ) + A'e~ SJ >\ (4.20) 

where the equality in the second line is due to the fact that the blocks of the environment are i.i.d 
under Q. Also, from (|4. 14[) and Theorem 14. 1 .41 we have 

Q (2(1 + W-x)Rq, v - X > xe cK ) < Q (E U T V > xe cK ) ~ K x x- s e~ csK . (4.21) 

Combining (|4.20[) and (|4.21j) finishes the proof. □ 
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Lemma 4.3.3. For any x > and e > we have that 

lim nQ (EjT^ > xn x l s ,M x > n^- E)/s ) = K xX - s . (4.22) 

Proof. Since adding reflections only decreases the crossing times, we can get an upper bound using 
Theorem [4.1.4[ that is 

limsupnQ (eJT^ > a;n 1/s ,Afi > ?i (1 ~ £)/s ) < lim sup nQ(E u T„ > xn 1/s ) = K^x' 3 . (4.23) 
To get a lower bound we first note that for any 8 > 0, 

Q [E U T U > (1 + 5)xn 1 ^ < Q (e u T^ > xn 1 / s ,M 1 > n^^) + Q (e u T v - EJT™ > Sxn 1 '^ 

+ Q [e^T v > (1 + 5)xn 1/s ,Mx < nt 1 -^) 
< Q (e u TW > ct 1/s , Mi > n^/^ + o(l/n), (4.24) 

where the second inequality is from (|4. 1 5[) and Lemma 14.3.21 Again using Theorem 14.1.41 we have 

liminfnQ {eJT^ > xn 1/s ,M! > n^- e)/s ) > liminfnQ (e u T v > (1 + S)xn 1/s ) - o(l) 

= K QO (l + S)- s x- s . (4.25) 

Thus, by applying P~2"3]) and P~2"5]) and then letting 5 we get P~22l . □ 

Our general strategy is to show that the partial sums 

1 - 

fc=l 

converge in distribution to a stable law of parameter s. To establish this, we will need bounds on 
the mixing properties of the sequence E^ 1 k ~ 1 T^l Mk>n (i- e )/s . As in |Kob95] . we say that an array 
{£,n,k '■ k € Z,rt 6 N} which is stationary in rows is a— mixing if lim^oo limsup,^^ a n {k) = 0, 
where 

a n (k) := sup {\P(A n B) - P(A)P(B)\ : A € a (. . . , £ n ,-i, fn.o) , ^ e a (£ n ,k, ■••)}• 

Lemma 4.3.4. for any < e < i, under the measure Q, the array of random variables 
{^ t] " 1 f , i™ ) l Mfc>n (i- e )/ s } fceZ ^ eN is a-mixing, with 

sup a„(fc) = o(n~ 1+2e ), a n (k) = 0, Vfc>log 2 n. 

fee [1, log 2 n] 
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Proof. Fixes (0, ±). For ease of notation, define := E^ k 1 7i"'l Mfc> „(i- e )/ s . As we mentioned 
before, under Q the environment is stationary under shifts of the sequence of ladder locations and 
thus is stationary in rows under Q. 

If k > log 2 (n), then because of the reflections, a (. . . , £n,o) and cr (£ n ,k, £n,fc+i) • • •) are 

independent and so a n (fc) = 0. To handle the case when fc < log 2 (n), fix A G <j (. . . , £n,-i, £n.o) and 
B € cr (£ n ,fc) Cn,fe+i, ■ ■ ■)> and define the event 

C„, £ := {Mj < r^/ s , for 1 < j < b n } = = 0, for 1 < j < b n }. 

For any j > b n , we have that only depends on the environment to the right of zero. Thus, 

Q(A n B n C„ >£ ) = Q(A)Q(B n C„ >£ ) 

since BnC„, £ € cr(w ,wi, . . .)• Also, note that by (|4~13l) we have Q(C£. £ ) < b n Q{M 1 > n {1 ~ £ ^ s ) = 
o{n- 1+2e ). Therefore, 

\Q(AnB)-Q(A)Q(B)\ < \Q(A n B) - Q(A n £ n C„, £ )| 

+ |Q(A nBn C n>£ ) - Q(A)Q(B n C n , e )| 

+ Q(A)|Q(S n C„, £ ) - Q(B)\ < 2Q{C c n>e ) = o(n- 1+2s ) 

□ 

Proof of Theorem 077771 

First, we show that the partial sums 

1 n 

fe=i 

converge in distribution to a stable random variable of parameter s. To this end, we will apply 
|Kob95[ Theorem 5.1(111)]. We now verify the conditions of that theorem. The first condition that 
needs to be satisfied is: 

lim nQ (n-V'Eufph^ >n <i-«)/. > x) = K^x^. 
However, this is exactly the content of Lemma T4. 3.31 

Secondly, we need a sequence m n such that m n — > oo, m n = o(n) and na„(m„) — > and such that 
for any <5 > 0, 

lim ^nQ (^ B) l tfl >„a-.)/. > ^n 1 / 8 , ^^l^^, > £n x /*) = 0. (4.26) 



CHAPTER 4. QUENCHED LIMITS: ZERO SPEED REGIME 



49 



However, by the independence of Mi and Mk+i for any k > 1, the probability inside the sum is less 
than Q(M 1 > n^-^^) 2 . By P~T3)) this last expression is ~ C 5 n~ 2+2E . Thus letting m n = n 1 / 2 - 6 
yields (|4.26p . (Note that by Lemma T4. 3. 41 na n (m n ) — for all n large enough.) 
Finally, we need to show that 



lim lim sup uEq 

& *0 n — >oo 



0. 



(4.27) 



Now, by (|4.23p there exists a constant Cq > such that for any x > 0, 

Q (E U TM > xn x l\M x > nW") < Cqx~ s ^-. 

Then using this we have 



nE Q 



n 1/b E UJ T^ n) l Mi>n{ i-e)/sl E T (n) <g 



dx 



<C fi 



s dx = 



1-8 ' 



where the last integral is finite since s < 1. (|4.27p follows. 

Having checked all its hypotheses, [Kob95[ Theorem 5.1(111)] applies and yields that there exists 
a b' > such that 

Q ^E^'^W^-)/* < ^ = L aM {x), (4.28) 

where the characteristic function for the distribution L s ,b' is given in (|4.5|) . To get the limiting 
distribution of -4j^E w T Vn we use (|4.19[) and re- write this as 



L M fe >n( 1 - e )/ s 



1 1 " 

fc=l 
1 " 

k=l 



(4.29) 

(4.30) 
(4.31) 

Lemma [4.3.11 gives that (j4.30[) converges in distribution (under Q) to 0. Also, we can use Lemma 
14.3.21 to show that (|4.3ip converges in distribution to as well. Indeed, for any 5 > 

Q (E w T Vn - Ejrjg > Sn 1 ^^ < nQ (e u T u - EjTjp > Sn 1 /^ = O (n s e - 5 ' 6 ") . 

Therefore rT l / s E w T Vn has the same limiting distribution (under Q) as the right side of (|4.29p . which 
by (|4.28p is an s-stable distribution with distribution function L s y. □ 
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4.4 Localization along a subsequence 

The goal of this section is to show when s < 1 that P-a.s. there exists a subsequence t m = t m (ui) of 
times such that the RWRE is essentially located in a section of the environment of length log 2 (t m ). 
This will essentially be done by finding a ladder time whose crossing time is much larger than all 
the other ladder times before it. As a first step in this direction we prove that with strictly positive 
probability this happens in the first n ladder locations. Recall the definition of Mk, c.f. (|4. 12|) . 

Lemma 4.4.1. Assume s < 1. Then for any C > 1 we have 

liminf Q 3k G [l,n/2] :Aft>CV E^f^ > 0. 

n—*oo \ — 4 3 J 

V je[i,n]\{k} / 

Proof. Recall that T^ is the hitting time of x by the RWRE modified so that it never backtracks 
b„ = [log 2 (n)J ladder locations. 

t: 

k < n with M k > CJ2 k jtj<n E^-'f^. Therefore 



To prove the lemma, first note that since C > 1 and E^ k 1 Tj" > M^ there can only be at most one 



Q 1 3k G [l,n/2] : M k > C £ E^f^A = ]T Q I M k > C £ E^f W ) (4.32) 

\ je[l,n]\{k} J k=l \ 36[l,n]\{*} / 

Now, define the events 

F n := { Vj - !/,-_! < b n , Vj G (-&„,n]}, G fc ,„, E := {Mj < Vj G (fc, fc + &„]}. (4.33) 

F n and Gk, n ,e are both typical events. Indeed, from Lemma [4.2.11 Q(F£) < (b n + n)Q(v > b„) = 
0{ne- c ^), and from (|4~T3f we have Q{G c kn£ ) < b n Q(M t > n^-^/ s ) = o{n- 1+2e ). Now, from 
(|4.3p adjusted for reflections we have for any j G [l,n] that 

= (l/j -!/,•_!) + 2 X Hi,, + 2 E 'I- ." I'!.- L,i 

< (vj - za,_i) + 2 (i/j - v^) Mj + 2(fj - Vj-i)(vj-! - Vj-!- bn )Mj, 

where in the last inequality we used the facts that n^ ^-i > 1 for Vj-! < i < Vj and IL^. x _i < 1 
for all i < Vj^!. Then, on the event F n n Gk, n ,e we have for k + l<j<k + b n that 

^-'fW < b n + 2b 2 n n i - l - £ ^ s + 2blpP- e),s < 5b 3 n n^- e ^ s , 
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where for the first inequality we used that on the event F n (~l Gk, n ,s we have i/j — Vj—i < b n and 
Mi < n^ e ^/ s . Then, using this we get 

Q I M h >C K"- 1 ^ > Q {m h > C + 56>( x - £ )/ s + ^ fc+i) "T( n ")) , F n , G fc ,„ 5 

V ie[i,n]\{fc} / 

> (M fe > Cn 1 / 8 , I/* - < &«) 

x Q (^rW + 5b 4 n n^^ s + E u u k+b "f^ < n^ s ,F n ,G k , n ^ , 

where F n := {i/j — < 6„, Vj £ (— 6„, n]\{/c}} D i 7 ^. In the last inequality we used the fact 
that E^, 3 ^ 1 ! 1 ^ is independent of Mu for j < k or j > k + b n . Note that we can replace F n by F n 
in the last line above because it will only make the probability smaller. Then, using the above and 



=>(«) , zp v h+b n rfl(n) 



je[l,n]\{fc} 

> 



> 



Q (m* > Cn 1 / 5 , - i/ fc _! < b n ) Q (^E u T Vn < n 1 ' 8 - bb A n n^/ s , F n , G k , n , e ) 
(Q(Mi > Cn 1 /*) _ Q(„ > b n )) (Q(E u T„ n < n 1 '^! - 56^„— /-)) _ Q(F 1 c l ) - Q{G c k ^ £ )) 

~ C5C _,4 L s .b/(l)— , 
n 

where the asymptotics in the last line are from (|4.13[) and Theorem 14. 1.11 Combining the last display 
and (|4.32[) proves the lemma. □ 

In Section [4~3l we showed that the proper scaling for E u T Vn (or E u f$) was n~ x l s . The following 
lemma gives a bound on the moderate deviations, under the measure P. 

Lemma 4.4.2. Assume s < 1. Then for any S > 0, 

P (E u T Un > n l ' s+5 \ = o{n- Ss / 2 ) . 

Proof. First, note that 

P{E^T Vn > n l ' s+5 ) < P{E u T 2i/n > n l ' s+s ) + P{v n > 2vn) , (4.34) 

where v := Epv. To handle the second term on the right hand side of (|4.34[) we note that v n is the 
sum of n i.i.d. copies of is, and that v has exponential tails (by Lemma l4.2.ip . Therefore, Cramer's 
Theorem |DZ98[ Theorem 2.2.3] gives that P(y n jn > 2D) = 0{e- 5 ' n ) for some 6' > 0. 
To handle the first term on the right hand side of (|4.34ll we note that for any 7 < s we have 
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E P (E u Tx)"i < oo This follows from the fact that P{E U T X > x) = P(l + 2W > x) ~ K2 S X - S by 
(|4.3p and (|4.9[) . Then, by Chebychev's inequality and the fact that 7 < s < 1 we have 



7 



P (E An > n W) < \« 1/a+e) 1 < • (4.35) 

Then, choosing 7 arbitrarily close to s we can have that this last term is o(n~ Ss / 2 ). □ 
Throughout the remainder of the chapter we will use the following subsequences of integers: 

n fe := 2 2 , d k := n k - n fc _i (4.36) 
Note that rik-i = ^fn~k and so dk ^ as k — > 00. 
Corollary 4.4.3. For anj/ fe define 

Hk := max {b^- 1 ?^ : n fc _i < j < n fc } . 



If s < 1, i/ien 



Proof. Let e > 0. Then, 



lim _ " fc = 1, P — a.s. 



771 rp(d k ) / \ J7 1 rpi^k) 



Lemma iU gives that P [E^T^^ > n k ^ S J < P {E u T Vnk i > Uj/j^j = o(n^ /2 ). To handle 
the second term in the right side of (|4.37[) . note that if S < then the subsequence n k grows fast 
enough such that for all k large enough n]! s S > e^n^ff^ . Therefore, for k sufficiently large and 
5 < ^- we have 

P (E u T<£t> - » k < e- l n]/jF) < P (e u T^ - M < n]/ s ~ 5 

However, EJT^ - Hk < ^k^ 5 implies that Mj < E^ 3 ^ 1 f^ k " 1 < n)/ s ~ S for at least n k - 1 of the 
j < nk- Thus, since P(Mi > S ) ~ C , 5n / 7 1+l5s , we have that 



P (l^*) - Mfc < e-^lT) < n k (l - P [Mi > n l ' s - b )) = o{e^") . (4.38) 
Therefore, for any e > and 5 < i- we have that 
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By our choice of n k , the sequence n k ^ s / 2 is summable in k. Applying the Borel-Cantelli lemma 
completes the proof. □ 

Corollary 4.4.4. Assume s < 1. Then P—a.s. there exists a random subsequence j m = j m (cj) such 
that 

M jm > m^EjTj^l, . 

Proof. Recall the definitions of n k and d k in (|4.36|) . Then for any C > 1, define the event 

Dk,c ~ {3j G (n fc _i,n fc _i + d k /2] : M j > C 

Note that due to the reflections, the event D kt c depends only on the environment from u nk _ 1 —b d 
to v nk — 1. Then, since n k -i — bd k > n k -2 for all fc > 4, we have that the events {D2k,c}'k=2 are 
all independent. Also, since the events do not involve the environment to the left of they have the 
same probability under Q as under P. Then since Q is stationary under shifts of Vi we have that 
for k > 4, 



P(D k , c ) = Q(D k , C ) = Q (Bj G [1, d k /2] : Mj > C {e w T^\ + E^f^ 



Thus for any C > 1, we have by Lemma T4.4.1I that liminffc^oo P(D k ,c) > 0. This combined with 
the fact that the events {D2k,c}' k= 2 are independent gives that for any C > 1 infinitely many of the 
events D2 k ,c occur P — a.s. Therefore, there exists a subsequence k m of integers such that for each 
m, there exists j m £ (n km ~i, n km _i + d km /2] such that 



M jm > 2m 2 



where the second equality holds due to our choice of j m , which implies that [i km — E^J m 1 T^^ ■ 
Then, by Corollary 14.4.31 we have that for all m large enough, 



M jm > 2m 2 (E^-'T^ ~ Mfe m ) > ™ 2 ( E ^tZ ] ~ ^) - m2E " T ' 



where the last inequality is because [i km — £'^ 3m ~ 1 T'^ m ' > . Now, for all k large enough we have 
«fc_i +d k /2 < d k . Thus, we may assume (by possibly choosing a further subsequence) that j m < d km 
as well, and since allowing less backtracking only decreases the crossing time we have 

M jm > m 2 E M f^l > m 2 E L ,f^_ i . 

□ 
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The following lemma shows that the reflections that we have been using this whole time really 
do not affect the random walk. Recall the coupling of X t and x[ n ' introduced after (|4.18|) . 

Lemma 4.4.5. 

lim P u (T Vn _, f%\) =0, P - a.s. 
Proof. Let e > 0. By Chebychev's inequality, 



P 



Thus by the Borel-Cantclli lemma it is enough to prove that P (r Un l ^= fi™^! is summable. Now, 
the event T Vn l ^ Tv^Li implies that there is an i < v n -i such that after reaching i for the first 
time, the random walk then backtracks a distance of b n . Thus, again letting v — Epv we have 

2P(n-l) 

P £ T^J < P{v n - X > 2D(n - 1)) + ]T Fi ( T i-bn < oo) 

i=0 

= P0„_i > 2^(n - 1)) + 2z7(n - l)P(T_& n < oo) 

As noted in Lemma |4"X21 P(v n _i > 2v(n- 1)) = 0(e~ 5 '"), so we need only to show that nP(T_ bn < 
oo) is summable. However, |GS02i Lemma 3.3] gives that there exists a constant CV such that for 
any k > 1 , 

P(T_ fc < 00) < e-° 7k . (4.39) 
Thus nB(T-b n < 00) < ne~ C7bn which is summable by the definition of b n . □ 

We define the random variable Nt := max{fc : 3n < t,X n = isk} to be the maximum number of 
ladder locations crossed by the random walk by time t. 



Lemma 4.4.6. 



lim =0, P - a.s. 

t^oo log 2 (t) 

Proof. Let 5 > 0. If we can show that YltLi P (\ N t ~ x t\ > 8 log 2 t) < 00, then by the Borel-Cantelli 
lemma we will be done. Now, the only way that Nt and X t can differ by more than <51og 2 t is if 
either one of the gaps between the first t ladder times is larger than 5 log 2 1 or if for some i < t the 
random walk backtracks <51og 2 £ steps after first reaching i. Thus, 

n\Nt-X t \> 5 log 2 t)<P (3j e [l,t + 1] : Vj - Vj-i > Slog 2 1) + W{T_ ]slo&2 1] < T x ) (4.40) 
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So we need only to show that the two terms on the right hand side are summable. For the first term 
we use Lemma l4.2.1l we note that 

P(3j S [l,t+ 1] : Vj-Vj-i > 5\og 2 t) < (t + l)P(v > 5\og 2 t) < (t + l)C*ie- C2<51og2 1 , 

which is summable in t. By (|4. 39[) the second term on the right side of (|4.40[) is also summable. □ 

Proof of Theorem \4.1.2( 

By Corollary 14.4.41 P-a.s there exists a subsequence j m {u)) such that Mj m > m 2 E u TM m }_ 1 . Define 
t m = t m (u>) = ^M jm and u m = u m (u) = Vj m -\. Then, 

P u ( Xt r~ Um i [-5, 6}) < P u (N tm t j m - 1) + Pu(W Ntm - X tm | > <51og 2 t m ) . 



log U 

From Lemma 14.4.61 the second term goes to zero as m — > oo. Thus, we only need to show that 

lim P u (N tm =j m -l) = l. (4.41) 

m — »oo 

To see this first note that 

Pu (N tm < Jm - 1) = P u (T I/im _ 1 > t m ) < Pu (T^, + T^_ t ) + P„ > t n 

By Lemma P w (t^., ^ T^-i) ^ 

as m — > oo, P — a.s. Also, by our definition of t m and 

our choice of the subsequence j m we have 



It still remains to show linim^oo P w (iVt m < j m ) = 1. To prove this, first define the stopping times 
T+ := min{rj > : X n = x}. Then, 



P u (N tm < j m ) = PUTu 3m > t m ) > \ T Vjm > -M jm J > P^- 1 (T+ m i < T Vj 

Then, using the hitting time calculations given in [ZeiQU (2.1.4)], we have that 

Therefore, since Mj m < R„. _ lj „. _i we have 



1 \ — M",™ / , \ — M. 



m— >oo 



thus proving (|4.41[) and therefore the theorem. □ 
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4.5 Non-local behavior on a Random Subsequence 

There are two main goals of this section. The first is to prove the existence of random subsequences 
x rn where the hitting times T Xm are approximately gaussian random variables. This result is then 
used to prove the existence of random times t m (uj) in which the scaling for the random walk is of the 
order t s m instead of log 2 t m as in Theorem 14. 1.21 However, before we can begin proving a quenched 
CLT for the hitting times T n (at least along a random subsequence), we first need to understand 
the tail asymptotics of Var u T v :— E U ((T V — E W T V ) 2 ), the quenched variance of T v . 

4.5.1 Tail Asymptotics of Q{yarJT v > x) 

The goal of this subsection is to prove the following theorem: 

Theorem 4.5.1. Let Assumptions [771 and \TB hold. Then with > the same as in Theorem 
\4-l-4\ we have 

Q{Var w T v >x)~Q((E UJ T v ) 2 >x)~K 00 x~ s l 2 as x -> oo, (4.42) 
and for any e > and x > 0, 

Q (Var u fW > xn 2 ^ s , M x > n (1 " £)/s ) ~ K^x^ 2 - as n -> oo. (4.43) 

Consequently, 

Q (Var^T v > Sn 1/s ,Mi < n^-^' 3 ^ = ofa" 1 ) . (4.44) 

A formula for the quenched variance of crossing times is given in |Gol07[ (2.2)]. Translating to 
our notation and simplifying we have the formula 

Var^T, := E u (Ti - EJT\) 2 = 4{W + W 2 ) + 8 £ IIi + i,o(Wi + W 2 ) . (4.45) 
Now, given the environment the crossing times Tj — Tj_i are independent. Thus we get the formula 

v-l v-l 

Var^T v = i^2(Wj + Wf ) + 8^ £ 11,. ,,'11, + Wf) 

3=0 j=0 i<j 

= 4J2( W J + w f) + 8#o,v-i (w-i + W\ + Hi+i.-iOVj + W 2 )) (4.46) 
j=a V i<-i / 

+ 8 Ki+i^Wi + W?). 

0<i<j<v 
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We want to analyze the tails of VarJT v by comparison with {E W T V ) 2 . Using (|4.14[) we have 



2 

V— 1 \ V — 1 V— 1 



i=0 / j=0 j=0 0<i<i<i/ 



Thus, we have 



(^T,) 2 -yar w T, = ^ + 4(^-1)^^+8 ^ W t (W, - U l+lj - U.+^W,) (4.47) 

j=0 0<i<j<u 



(4.48) 

=:D + (u)-8Ra,„-iD-(u>). (4.49) 

Note that D~(us) and -D + (w) are non-negative random variables. The next few lemmas show that 
the tails of D + (cu) and Rq^-\D~ (lu) are much smaller than the tails of {EJTv) 2 . 

Lemma 4.5.2. For any e > 0, we have Q (D + (lo) > x) — o(x~ s+£ ). 

Proof. Notice first that from (14. 14[) we have v 2 + A(v — 1) YljZo Wj < 2vEJT v . Also we can re-write 
Wj — Hi+ij — Hi+ijWi = Wi+2,j when i < j — 1 (this term is zero when i = j — 1). Therefore, 

(u-3 u-l 
8^ ^ WiWi+2,3 > x/2 
i=0 j=i+2 

Lemma T4 . 2 . 1 1 and Theorem 14.1.41 give that, for any e > 0, 



Q {2vE u T v >x)< Q(2v > log 2 (x)) + Q E^T U > = o( X - s+s ). 

\ log (x)J 

Thus we need only prove that Q ^r o 3 ^*I- +2 WjWi+2,j > ^ = o(a; _s+e ) for any e > 0. Note 
that for i < v we have = Wo,,: + n 0j jW_i < LT ,i(i + 1 + W-i), thus 

53 53 WiW i+2J > x < Q (i/ + W-x) 53 53 n 0iJ w 4+2j > 

i=0 j=i+2 J \ i=0 j=i+2 

< Q{v > \og 2 (x)/2) + Q(W-i > \og 2 (x)/2) (4.50) 

log 2 (x)-3 log 2 (z)-l . 

+ E E p K <W4 + a J > db)' (451) 

i=0 .7=1+2 V 1U & W / 

where we were able to switch to P instead of Q in the last line because the event inside the probability 
only concerns the environment to the right of 0. Now, Lemmas 14.2.11 and 14.2.21 give that (|4.50[) is 
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o(x s+£ ) for any e > 0, so we need only to consider (|4.5ip . Under the measure P we have that Ilo^ 
and W i+2 j are independent, and by (|4.9[) we have P(W i+ 2j > x) < P{Wj > x) < Kix~ s . Thus, 



P II,, ,11,. ,.., > 



' log 6 (x) 



P W i+2 ,j > 



log b (a:)no,, 



n . 



<K 1 io g 6s (x)x- s E P [ny 



Then because -EpIIg i — (Epp s ) t+1 — 1 by Assumption [TT1 we have 

< Ki log 4+es (x)x- s = o(x- s+e ) . 



log z (x)-3 log*(x)-l 

E E p[no,iW i+2d 

i=0 j=i+2 



> 



log b (x) 



Lemma 4.5.3. For any e > 0, 



and thus for any 7 < s, 



Q{D-{u)>x) = o{x~ s+e ), 



EqD-^) 1 < 00. 



□ 



(4.52) 



(4.53) 



Proof. It is obvious that (|4.52|) implies (|4.53[) and so we will only prove the former. For any i we 
may expand W{ + Wf as 

2 



w * + w ? = E u ^ + ( E n ^ ] = E n ^ + E u h + 2 E E n ^ n 

k<i k<i k<i l<k 

= X) n M ( 1 + n fc,i + 2 S n i,i) • 

fc<i V Kk ) 



Therefore, we may re- write 



d-(w) = W-i + w* 1 + n l+ i,-i(w t + w?) = E nfc --! (i + n fc ,i + 2^n M j . (4.54) 

i<-l i<-l fe<i V (<fc / 



Next, for any c > and n 6 N dehnc the event 



E, 



< e 



-c(i-j+l) 



V — n 



<i<-l,Vj<t-n}= f) f) 4 < e - c ^ +1 )}. 



— n<z< — lj<z— n 

Now, under the measure Q we have that Tlk -i < 1 for all k < — 1, and thus on the event £ C7l we 
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have using the representation in (|4.54[) that 

£>-(«) = J2 E 11 ^- 1 (i + n M + 2^n M j 

i<-l k<i V Z<fc / 



< E X)n M (n i+1 ,_ 1 + n fc> _ 1 ) + 2 ^ E n <. i + 2 E eCfcn ^ 

— n<2< — 1 \ fc<i i—n<k<i l<k l<k<i—n 

+ E [E eCfe +E eC ' cn ^ + 2 E eCfen M 



< J2 (2 + »W+2 ^ 



e cfe e -c(i-J+l) 



-n<i< — 1 \ l<k<i—n 



( c(i+i) 2e c (' i+1 ) \ 

i< — n \ l<i / 

Eo„-c(2n-l) -c(n-l) / o„ 

Wi + : 1VI , 7T + 7 + Y e ct W t 1 - 



■ u _/ - j (e c -l) 3 (e c + l) (e*-l)» ^ 'V * - 1 

s e c (l + e 2c ) 3e c - 1 v-^ „, 

<(2+«) E ^ + (eC _\)3(ec;i) + i^rrE^ ( 4 - 55 ) 

— n<i<-l v ' v ' i<-n 

Then, using ()4.55j) with n replaced by [log 2 xj = b x we have 
Q (D-M > x) <Q fe.) + l lj;Sm _ >im + Q [ E^'. > 5|2Tw) < 4 - 56 > 

Now, for any < c < -E P \ogp Lemma gXU gives that Q(IL itj > e -< j - i+ ^) < T^jzf~ 5cU ~ l+1) for 
some S C ,A C > 0. Therefore, 

Q(Kn) < E i E > e ~ c( ^' +1) ) ^ ( £l m i) - °( e " 5c " /2 )- ( 4 - 5? ) 

Thus, for any < c < — Eplogp we have that the first two terms on the right hand side of (|4.56[) 
are decreasing in x of order o(e~ Scbx ^ 2 ) = o(x~ s+E ). To handle last two terms in the right side of 
(|4.56[> . note first that from (|4~9)) , Q (Wi > a;) < p^y-P(Wi > x) < -p^)X~ s for any x > and any 
i. Thus, 

1 JL"' > to) £ s ,« > to) - °<- + -'. 
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*<-i 



and since Y^=i e c ^ 2 = ( e ^ 2 ~ 1) we nave 

- l)(e c / 2 
9e c -3 

^ e -ci/2 =o(x-'). 



<J2 Q ( w - i> (eC " 1)(eC/2 - :) " p " A 



< 



ifi(9e c -3) s 



P(K){e c - l) s (e c / 2 - l) s 



□ 



Corollary 4.5.4. For any e > 0, Q (Rq. v ~\D (a>) > x) = o(x 



Proof. From (|4.11|) it is easy to see that for any 7 < s there exists a i"T 7 > such that P(i?o,^-i > 
x) < P(Rq > x) < K 1 x^ 1 . Then, letting T-\ = er(. . . ,uj-2, we have that 



Q(R 0lV - 1 D-(u)>x) =E Q 



< KjX-iEq (D-{ui))' 



D-(u) 

Since 7 < s, the expectation in the last expression is finite by (|4.53p . Choosing 7 = s — | finishes 
the proof. □ 



Proof of Theorem \4-5.1[ 
Recall from (|4~49|) that 

(E U T V ) 2 - D+(u>) < Var^T, < {EJT V ) 2 + 8J2o,„_iir(w) . 

The lower bound in (|4.58p gives that for any <5 > 0, 

Qiyar^T, > x) > Q {{E u T u f > (1 + 5)x) - Q (D+{lj) > Sx) . 

Thus, from Lemma \A . 5 . 21 and Theorem 14 . 1 . 41 we have that 

liminf x s/2 Q(Var u) T v >x)>K 00 (l + 5)- s/2 . 

x — >oo 

Similarly, the upper bound in (j4.58j) and Corollary 14. 5. 41 give that for any S > 0, 

Q{Var u T v > x) < Q {{E u T v f > (1 - 5)x) + Q (8Ro,u-iD- («) > <fcc) , 
and then Corollary 14.5.41 and Theorem 14. 1.41 give 

limsup x s/2 Q(Var u T v > x)<K 00 (l- dy s/2 . 



(4.58) 



(4.59) 



(4.60) 
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Letting 5 ->• in (|4~59]) and ([460)1 finishes the proof of (|442]1 . 

Essentially the same proof works for (|4.43[) . The difference is that when evaluating the difference 
{E^f-Var^ the upper and lower bounds in (|4.47|) and (|4.48|) are smaller in absolute value. 
This is because every instance of Wi is replaced by W v _ b < Wi and the sum in (|4.48[) is taken 
only over v-b n < i < —1. Therefore, the following bounds still hold: 

(e^T^ 2 - D+(uj) < VarJTj^ < (e u T^ + 8i? ,,-i^ (w) . (4.61) 

The rest of the proof then follows in the same manner, noting that from Lemma 14.3.31 we have 
Q (Je^T^Y > xn 2 l s , Mi > n^-^l^j ~ K^x'^ 2 ^, as n -> oo. □ 

4.5.2 Existence of Random Subsequence of Non-localized Behavior 

Introduce the notation: 

Mi,n,c := K- X T%\ o\ n ^ := E^ (fW - ^ = Var u - I W ) . (4.62) 

It is obvious (from the coupling of and X t ) that \ii^ n ,u> /" E%~ 1 T Ui as n — > oo. It is also true, 
although not as obvious, that cr 2 nu is increasing in n to Var^ (T Ui — T^jJ. Therefore, we will use 
the notation Hi t0 o,u> '■= E^~ x T Vi and a 2 x u := V^ar w (T^ — T Vi _ x ). To see that af n u is increasing 
in n, note that the expansion for Var^T^ is the same as the expansion for V arJT v given in (14.46)) 
but with each Wi replaced by W„_ b and with the final sum in the second line restricted to 
V-b n < i < — 1- 

The first goal of this subsection is to prove a CLT (along random subsequences) for the hitting 
times T n . We begin by showing that for any e > only the crossing times of ladder times with 
Mk > n^ £ ^ s are relevant in the limiting distribution, at least along a sparse enough subsequence. 

Lemma 4.5.5. Assume s < 2. Then for any s,5 > there exists an rj > and a sequence 
c n = o(n~ v ) such that for any to < oo 

Q {^Z^lrn^M^n^)/^ > Sn 2/s ^ < C n . 

Proof. Since o 2 m w < of ^ w it is enough to consider only the case to = oo (that is, the walk without 
reflections). First, we need a bound on the probability of of ^ u — Var u {T Vi — T Vi l ) being much 
larger than M 2 . Note that from (|4~58|) we have Var u T u < (E^T^) 2 + 8i?o,„-i-D-(a;). Then, since 
Ro,u-i < vM\ we have for any a, (3 > that 

-,2/3-aX 



Q (Var u T v > n 2t \ Mi < n a ) < Q [ E^T V > M 1 < n a )+ Q 8vD~(u) > 
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,(/3-c)/8 v 



By (|4.15|) . the first term on the right is o(e n ^ ). To bound the second term on the right we 
use Lemma \A . 2 . 1 1 and Lemma T4. 5.31 to get that for any a < (3 



2/3-a 



Q UvD-{u) > 



< Qiy > log 2 n) + Q[ D~{uj) > 



,2/3-a 



16 log n 



|(3/3-«) 



Therefore, similarly to (|4.15p we have the bound 

Q (Var w T v > n 2fj , M x < n a ) = o(n"4 (3/3 " Q) ) . (4.63) 
The rest of the proof is similar to the proof of Lemma r4.3.1t First, from (|4.63[) , 



2 <„2(l-f)/. 



> 



5n 2 / s 



+ nQ (Var u T v > n 2i ^-^l s ,M x < n (1 ~ £)/s ) 
Therefore, it is enough to prove that for any S, e > there exists rj > such that 

We prove the above statement by choosing C € (1, -), since s > 2, and then using Theorem 14.5.11 
to get bounds on the size of the set ji < n : Var^ (T Vi - T Ui _ t ) G (n^-^/a ^ n 2(i- e c"- 1 )/ i 



for 



all k small enough so that eC < 1. This portion of the proof is similar to that of Lemma T4. 3. II and 



thus will be omitted. 



□ 



Corollary 4.5.6. Assume s < 2. Then for any S > there exists an rf > and a sequence 
c' n = o(n~ v ) such that for any m < oo 



Q 



5> 



2 -u 2 ) 



> &n 2 ' s < c' 



Proof. For any e > 



Q 



2 - u 2 " 



> 8n 2 ' s < Q ^a 2 m ^l Mt < n(1 - e)/s > -? 



2/s 



•q($>« 



L Mi<n< 1 -=)/ 



(4.64) 
(4.65) 



Q ( l°i,m,a> - Mi,m,J iM^nd-)/' > o nVS ) ' ( 4 - 66 ) 
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Lemma 14.5.51 gives that (|4.64p decreases polynomially in n (with a bound not depending on m). 
Also, essentially the same proof as in Lemmas 14.5.51 and 14.3.11 can be used to show that (|4.65[) also 
decreases polynomially in n (again with a bound not depending on to). Finally (|4.66|) is bounded 
above by 



Q (# {i < n : Mi > n^^ 8 } > n 2£ ) + nQ (jvar^f^ - (E^f^f 



~ 3 



tiQ(Mi>n 



(l-e)/< 



C$n e we need only 



and since by (l4~T3ll . Q (# {i < n : Mi > n^-^' 8 } > n 2e ) < 
show that for some e > the second term above is decreasing faster than a power of n. However, 
from (l4~6T1 we have Var^f^ - {E^f^f < D+(lu) + 8iV-i-°~H- Th us 



nQ 



(\Var u f^ - (E u f^) 2 \ > ^ 2/s " 2£ ) < nQ (d + (cj) + Si^-i^M > ^ 



2/s-2e 



and for any e < -k- Lemma 14.5.21 and Corollary 14.5.41 give that the last term above decreases faster 



than some power of n. 



□ 



Since T Vri = Ylj—ijT^ — T Vi l ) is the sum of independent (quenched) random variables, in order 
to prove a CLT we cannot have any of the first n crossing times of blocks dominating all the others 
(note this is exactly what happens in the localization behavior we saw in Section |4.4|) . Thus, we 
look for a random subsequence where none of the crossing times of blocks are dominant. Now, for 
any 6 € (0, 1] and any positive integer a < n/2 define the event 

S S , n ,a ■= {# {i < 6n : u 2 ^ € [n 2 ' s ,2n 2/s )} = 2a, /x?,„,a, < 2n 2/s Vj < 5n) . 

On the event Ss^n,a, 2a of the first 6n crossings times from z/;_i to i>i have roughly the same size 
expected crossing times fJ.i, n ,un and the rest are all smaller (we work with /j, 2 n w instead of Ui^n,uj 
so that comparisons with <J 2 nu} are slightly easier). We want a lower bound on the probability of 
Ss,n,a- The difficulty in getting a lower bound is that the [i 2 nuj are not independent. However, we 
can force all the large crossing times to be independent by forcing them to be separated by at least 
b n ladder locations. 

Let ls,n,a be the collection of all subsets / of [1, Sn] fl Z of size 2a with the property that any 
two distinct points in / are separated by at least 2b n . Also, define the event 



Ai <n :— |/i 2 



n 2 l\2n 2 l s 



)}■ 
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Then, we begin with a simple lower bound. 



(4.67) 



Q(Ss, n ,a) > Q I |J [r\A iin fl {4„,-<^ /S } 

\ieis. n .a \iei je[i,Sn]\i , 

= e n {4^<- 2/s } 

iei s , n ,a \iei je[i,6n]\i , 
Now, recall the definition of the event Gi^ n ,e from (|4.33|) . and define the event 

H"i,n, e := {Mj < n^' s for all j € [» - &„,£)} • 

Also, for any J C Z let d(j, /) := min{|j — i\ : i £ 1} be the minimum distance from j to the set /. 
Then, with minimal cost, we can assume that for any / € I&,n,a and any e > that all j I such 
that d(j, I) < b n have Mj < n^ e ^ s . Indeed, 



o(rK« n {^<n a/- }] 

Vie/ je[i,Sn]\i J 



n {^<« 2/s }) 

l,«n]:d(i,7)>6„ / 

> n n ^.n,=)Q n °w n < ^ 2/s } 

iSJ ViG/ je[l,5n]:d(j,I)>6„ , 

- 4a6„Q (e u T v > n 1 ^, Mi < . (4.68) 

From Theorem [4. 1.41 and Lemma IPlfl we have ~ ^oo(l - 2~ s / 2 )n~ 1 . We wish to show the 

same asymptotics are true for Q(Ai y7l n Hi in<s ) as well. From (|4. 1 3[) we have Q(Hf n E ) < b n Q(Mi > 
= ( n - 1 + 2£ ). Applying this, along with (|4.13|) and (14. 15j> . gives that for e > 0, 

Q(A,n) < Q(^,„ n H iintS ) + Q (m x > n^/ 11 ) Q(H? n>s ) + Q (e u T v > n 1 / s ,M 1 < n^/ s ) 
= Q(A irn n Hi, n , e ) + o(n- 2+3e ) + (e-" e/<5s) ) . 

Thus, for any e < | there exists a C e > such that 

Q(4„nfi w ) > O- 1 . (4.69) 
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To handle the next probability in (|4.68[) , note that 

Q\f) G ^ n {^<n 2/s })>Q\ n {4.<« 2/s } -q(u g *w) 

ySI je[l,tfn]:d(j,Z)>6„ / \ie[l,<5n] J Kiel ) 

> Q (eJT^ < n 1 / 5 ) - 2aQ(G? n>E ) 

- Q (^T„„ < n 1 /^ ~ ao{n- 1+2e ) . (4.70) 

Finally, from (|4~T5)) we have 4ab n Q {E W T V > n^^Mx < n'- 1 " 5 ^ 3 ) = ao fe-" e/<6s) Y This, along with 
(|4~69f and (j4~70|) applied to (|Q7|) gives 

(<V,«) > [(Cen- 1 ) 2 " (q (e u T Uk < - a (n- 1+2£ )) - ao {e^'^J . 

An obvious upper bound for jfc(Is,n,a) is (2™) — ^(2a)! • ^° § e ^ a l° wer bound on j£(Zs,n,a) we note 
that any set / € T$ n a can be chosen in the following way: first choose an integer i\ S (<5n 
ways to do this). Then, choose an integer 12 € [1, <5n]\{j € Z : | j — i\\ < 2b n } (at least 5n — 1 — 46„ 
ways to do this). Continue this process until 2a integers have been chosen. When choosing ij, there 
will be at least Sn — (j — 1)(1 + 46 n ) integers available. Then, since there are (2a)! orders in which 
to choose each set if 2a integers we have 

(H 2a utn- \ 1 TT.c , ,w \ \ (Sn) 2a ( (2a- l)(l + 4fo„)\ 2a 

W y - y - Wy. IJ {6n " & - W + 45 «» & J ■ 

Therefore, applying the upper and lower bounds on #(1s,n,a) we get 

a 2g£ (1 - (2 - 1 » ( n 1 + 4 "'- ) ) a ' (q (£„r„. < »v.) _ „„(„-«.)) 

(*>) 2 " (W<« 



-ao e 



(2a)! 

Recall the definitions of dfc in (14. 36[) and define 

aft := [loglogfcj VI, and 5^ := a^ 1 . (4-71) 

Now, replacing 5, n and a in the above by 6k, dk and a^ respectively we have 

wM)!:/, (2a fc -l)(l + 4b dfc ) V afc / / 1/s x 1+2 



(2o fc )! 

(4d fc ) 2at 
(2o*)! 



a k o I e *= 



(2afc)! 
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The last inequality is a result of the definitions of 5k, ak, and dk (it's enough to recall that dk > 
2 2fc \ afe ~ loglogfc, and 5k ~ i og log fe ) ' as we ^ as Theorem 14.1.11 Also, since 5k = a^ 1 we 
get from Sterling's formula that % c \, — ~ v ' ' ' Thus since ai. ~ loglogfc, we have that 



1 _ „ f (S k C e ) 2a K 



, 2ak y i- This, along with (|4.72p . gives that Q (Sg k7 d k ,a k ) > \ for all k large enough. 
We now have a good lower bound on the probability of not having any of the crossing times of the 



first 5kdk blocks dominating all the others. However for the purpose of proving Theorem 14.1.31 we 
need a little bit more. We also need that none of the crossing times of succeeding blocks are too 
large either. Thus, for any < 5 < c and neN define the events 

{cn \ ( cn \ 

E A**,"," ^ 2nl/S \ > Us,n,c ■= I E Mi,n,u> < n 1/s \ . 
i=Sn+l ) Ki=5n+b„+l ) 

Lemma 4.5.7. Assume s < 1. Then there exists a sequence Ck — > oo, Ck — o(logafe) such that 

oo 

E^^A.a* U S h ,dk,Ck) = 00 • 
fc=l 

Proof. For any 5 < c and a < n/2 we have 

Q (Ss,n,a H Us, n ,c) > Q (<S<5,n,a) Q (^<5,n,c) - Q ^E^>™-^ > ™ 1/S ^ 

> Q (Ss, n ,a) Q (E u T Vcn < n 1 '^ - b n Q (e u T u > ^ 

> Q (S s ,n,a) Q (E u T Vcn < n 1 '^ - oin" 1 / 2 ), (4.73) 
where the last inequality is from Theorem 14. 1.41 Now, define c\ = 1 and for fc > 1 let 

4 ~ max jc e N : Q (E u T Veiii < d\ /s ) > ^| V 1 . 

Note that by Theorem 14 . 1 . 1 1 we have that c' k — ► oo, and so we can define Ck = c' k A loglog(dfc). Then 
applying (|4.T3|) with this choice of Ck we have 



oo oo 

E Q ( S ^,d k ,a k n ^A.cJ > E (^,^aj Q (^T, cfcdfc < dl /S ) - 0(d- 1/2 ) 



OO, 



fe=l k=l 



— 1/2 

and the last sum is infinite because d k is summable and for all fc large enough we have 



Q{Ss k ^a k )Q{E^T Vckdk <d]! s )>^- 



logfc 

□ 
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Corollary 4.5.8. Assume s < 1, and let Ck be as in Lemma \4-5. 7| Then, P-a.s. there exists a 
random subsequence n km = n km (u>) of n k — 2 2 such that for the sequences a m7 /3 m , and j m defined 
by 

a m := nfc m _i, f3 m := nk m -i + S km d km , 7m := n km -i + c km d kml (4.74) 
we have that for all m 

*e(a m ,/3 m ] •» a km t j£ +1 

and 

7m 

Proof. Define the events 

S' k := {# {* G (n fc _i,n*_ x + 44] : tf 4k<u 6 [djf, 2d 2 fe /s )} = 2a fc } 



n {/';',/ < 2 4 /s v j e (»fc-i)«*-i + 44]} 




Note that due to the reflections of the random walk, the event S' k n UL depends on the environment 
between ladder locations n k ^i — bd k and n k -i + c k d k . Thus, for ko large enough {S' 2k D E^2fc}/&fc 
is an independent sequence of events. Similarly, for fc large enough S' k fl f/I does not depend on the 
environment to left of the origin. Thus 

p(s' k n u' k ) = Q{s' k n c/£) = Q (%,<&,«* n Ui» AlCfc ) 

for all k large enough. Lemma [4.5. 71 then gives that Y^k=i ^O-^fc ^ ^2k) = 00 j an d the Borel-Cantelli 
lemma then implies that infinitely many of the events S' 2k fl t/^ occur P — a.s. Finally, note that 
S' k implies the event in (|4.75[) . □ 

Before proving a quenched CLT (along a subsequence) for the hitting times T n , we need one 
more lemma that gives us some control on the quenched tails of crossing times of blocks. We can 
get this from an application of Kac's moment formula. Let T y be the hitting time of y when we 
add a reflection at the starting point of the random walk. Then Kac's moment formula [FP99[ (6)] 
and the Markov property give that E*(T y y < j\ (E*Ty) (note that because of the reflection at x, 
KFy) > EZ{f y ) for any x' G (x,y)). Thus, 

3?" l CW < E^- 1 -^ (f Ui y < j\ {E v J-^f Vi ) j < j\ (EZ-^f^ + ^ n , u ) j . (4.76) 
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Lemma 4.5.9. For any e < ^, there exists an rj > such that 

Q (3i < n, i€N: Mi > n^'\ E^ (T^y > j!2>(„ , w ) = o(rr") . 
Proof. We use (|4.76|l to get 

Q (3i < n, jeN: M l > n^'\ Eft-* (T^y > j':>',r',„^ 

< Q (3i < n : M % > nP-'V; K i ~ 1 - tn f Vt _ 1 > ^ n 

< nQ (m x > n^' s , E^ b "T > n^/A 

= nQ (M x > n^l s ) Q (e^T > n^' 8 ) , 

where the second inequality is due to & union bound and the fact that //^n.cj 

> Now, by (|4~T3f 

we have nQ (Mi > n^~ s ^ s ) — C 5 n e , and by Theorem [4. 1.41 

Q (E^ b "To > rc (1 ~ £)/s ) < b n Q (e u T v > £)/S ^j ~ Koob^n- 1 ^ . 

Therefore, Q (3i < n, jeN: > r^ 1 "^/ 8 , E^iflfy > .,!2'/,;' ) = o(n- 1+3e ). □ 

Theorem 4.5.10. Let Assumvtions [771 and [7^1 feo/a'. and Zet s < 1. TTien P — a.s. there exists a 
random subsequence n^ m — nk m {oj) of nk = 2 2 such that for a m , f3 m and 7 m as m (I4.74[) and any 
sequence x m £ [vp m , v lm } , we have 

lim Puj ( Tx - ~Jf x - <y) = <%) , (4.77) 



where 

0m 

"m,u : = y ] t l i,d km ,uj- 
i— a m + l 

Proof. Let rifc m (w) be the random subsequence specified in Corollarv l4.5.8l For ease of notation, set 
a,m = ak m and d m — dk m ■ We have 

max pi 2 , <2dU s <J- T M 2 j and V Ml u < 2^ s . 

z— a m + l z=/3 m + l 

Now, let {a: m }m = i be any sequence of integers (even depending on uj) such that x TO € [vp m ,v lm \- 
Then, since (T Xm - E u T Xn ) = (T Uoim - E^T Va J + (T Xm - T Wom - ££" m T x J, it is enough to prove 

T Vajn -E„T Vam ^ ^ r gm - T Vam - E^T Xm 2 ^ z ^ ^ i} (4 7g) 
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where we use the notation Z n — -> Z to denote quenched convergence in distribution, that is 
linin^oo P u) (Z n < z) — P UJ (Z < z), P — a.s. For the first term in (|4.78p note that for any e > 0, we 

~2 Is 

have from Chcbychev's inequality and v m ^ > dm , that 



P,: 



T Va — EJT Va 



VarJT Va VarJT Va 
> e ) < — s — < 



Thus, the first claim in (|4.78p will be proved if we can show that V 'ar u T v — o(d nl ). For this we 
need the following lemma: 

Lemma 4.5.11. Assume s < 2. Then for any S > 0, 

P (Var u T Un > n 2 ' s+S ^j = o{n- Ss ' 4 ) . 

Proof. First, we claim that 

EpiVar^y < oo for any 7 < | . (4.79) 
Indeed, from (|4.45[) , we have that for any 7 < | < 1 

EpiVar^r < A~<E P {W + W 2 y + 8 7 ^ £ P ( n 7+i,o(^ + W?Y<) 

oo 

= 4~<Ep(Wo + w 2 y + s^^pPoTEpiWo + W 2 )\ 

i=l 

where we used that P is i.i.d. in the last equality. Since Epp^ < 1 for any 7 S (0, s), we have that 
P~T9")) follows as soon as E P (W + Wq 2 ) 7 < 00. However, from (g^J) we get that E P (W + Wg)" 1 < 00 
when 7 < |. 

As in Lemma |4"X21 let v = E P v. Then, 



P 



(Var u T Vn > n 2 / s+5 ) < PiVar^T^ > n 2 ' s+s ) + P{v n > 2Dn) . 



As in Lemma T4.4.21 the second term is O \ e s ™J for some 5' > 0. To handle the first term on the 
right side, we note that for any 7 < - < 1 

Ep (ET=i Var u (T k - T*_i)) 2vnE P {Var UJ T 1 y 



Then since -Ep(Var w Ti) 7 < 00 for any 7 < |, we can choose 7 arbitrarily close to | so that the last 
term on the right of P~5D|) is o(n" <5;5 / 4 ). □ 

As a result of Lemma [4.5.111 and the Borel-Cantelli lemma, we have that VarJT Vn] _ — o(n^. +S ) 
for any 6 > 0. Therefore, for any S € (0, |) we have Var UJ T Vam — o{o%l s+S ) = o(n^ s ^) = o(d%l s ) 
(in the last equality we use that dk ~ to grow much faster than exponentially in k). 
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For the next step in the proof, we show that reflections can be added without changing the 
limiting distribution. Specifically, we show that it is enough to prove the following lemma, whose 
proof we postpone: 

Lemma 4.5.12. With notation as in Theorem \4.5.10[ we have 

Hm P>' ^ ^_ lxm <y) = <%) • (4.81) 

Assuming Lemma 14.5.121 we complete the proof of Theorem 14.5.101 It is enough to show that 

lira Pu" m {T^ m ^ ^ T Xm ) = 0, and Km E%*™ (T Xm - T^) = 0. (4.82) 

m — >oo m m — >oo m 

Recall that the coupling introduced after (|4.18[) gives that T Xm — fjf,"*' > 0. Thus, 
p - am ( ^d m ) ^ Tx j = p"« m ^ m - fj*»> > l) < (T Xm - f^" 



01 



Then, since x m < v lm and 7 m = rik m —i + Ck m d m < nk m +i for all m large enough, (|4.82[) will follow 
from 

lim E^"- 1 (T Un - fjf k) ) = 0, P - a.s. (4.83) 
To prove (|4.83p . we argue as follows. From Lemma T4.3. 21 we have that for any e > 

Q (e^- 1 (T„ nk+i - T#*>J > e) < n k+1 Q (e^T v ~ Ejf^ dk) > -£-J = n fc+1 (n^e" 5 '^) . 

Since ~ d^, the last term on the right is summable. Therefore, by the Borel-Cantelli lemma, 

lim E^"- 1 (T Vn -f^ )=0, Q~a.s. (4.84) 

This is almost the same as (|4.83l) . but with Q instead of P. To use this to prove (|4.83p note that 
for i > b n using (|4.19[) we can write 

E^T Vi - E%-*f<p = A i>n (oj) + B itn (u)W-i , 

where A i n (uj) and B i n (uj) are non-negative random variables depending only on the environment to 
the right of 0. Thus, E^"- 1 (r„„ fc+i - = A dk (uj) + B dk {u))W- X where A dk (uj) and B dk {uj) 

are non-negative and only depend on the environment to the right of zero (so A dk and B dk have 
the same distribution under P as under Q). Therefore (14. 83[) follows from (|4.84[) . which finishes the 
proof of the theorem. □ 



CHAPTER 4. QUENCHED LIMITS: ZERO SPEED REGIME 



71 



Proof of Lemma \4-5.12\ Clearly, it suffices to show the following claims: 



ml' 
-L X 



(d„ 



T, 



(d„ 



1 x m T>u, 



and 



T, 



(dm) _ j.(d m ) _ rp(d m ) 



v 0m V ^ 



Z~N(Q,1). 



To prove (|4. 85[) . we note that 



ml 
-L x 



(d m ) _ j,(d m ) _ jpfff m ^{d m ) 



v f>n 



> £ < 



where the last inequality is because x m < v~ m and v m u > a m (f/ s . However, by Corollary |4.5.6l and 
the Borel-Cantelli lemma, 



< 



(4.85) 



(4.86) 



E <d,^ + °(^M Vs 

i=/3m+l i=Pm+l 

The application of Corollary 14.5.61 uses the fact that for k large enough the reflections ensure that 
the events in question do not involve the environment to the left of zero and thus have the same 
probability under P or Q. (This type of argument will be used a few more times in the remainder 
of the proof without mention.) By our choice of the subsequence we have 

E <^<[ E *a, J <=^ /s 

Therefore, 



lim Puj 



T. 



(dm) _ rp(d m ) _ ^f3 m rp(d m ) 



^ x n 



id 



> e < lim 

/ m — ►oo 



1 {{ck m d m ) 



2/, 



2 ~ 
£ CLrn^m 



0, P-a.s. 



f{d m ) 
Vi-l 



where the last limit equals zero because Ck = o(logafc). 

It only remains to prove (|4. 86[) . Since re- writing we express 

i=a 7n J tl 

as the sum of independent, zero- mean random variables (quenched), we need only show the Lindberg- 
Feller condition. That is, we need to show 

0„ 



lim <T 2 r 

m— oo Vm,u . ^ . 1 h<in 
i—a m -\-l 



1, P-a.. 



(4.87) 
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and for all e > 



lim 



1 



E K'- 1 (tL 



- i— a m +l 

To prove gj57]| note that 



= 0, P-a.s. (4.88) 



E = 



1 + - 



£,a m ,uj z,a„ 



However, another application of Corollary 14. 5 . 61 and the Borel-Cantelli Lemma implies that 

Recalling that u m ,w > a rn d%l s , we have that (|4.87p is proved. 

To prove (|4.88p we break the sum up into two parts depending on whether Mi is "small" or 
"large". Specifically, for e' e (0, |) we decompose the sum as 



1 



E K*- 1 



i-Q m +l 



l|T.(ti m ) i> , 



1 M i <dg-^ /B 



E 



Mi>d 



(4.89) 
(4.90) 



We get an upper bound for (|4.89[) by first omitting the indicator function inside the expectation, 
and then expanding the sum to be up to nk m > (3 m - Thus (|4. 89[) is bounded above by 



1 



0m. 

E 



a i,d m ^ 1 M t <dik- e ' )/! 



< \ " 2 

— ,, 2-^1 i.d m ,LU M 4 <<$i~ 



i=a m + l *=nfc m -l + l 

However, since dfc grows exponentially fast, the Borel-Cantelli lemma and Lemma 14.5.51 give that 



E « 



i=ri fc _i+l 



(4.91) 



Therefore, since our choice of the subsequence ?ife m gives that u„i,w > d*m , we have that (|4.89[) tends 
to zero as to — > oo. 

To get an upper bound for (|4.90p , first note that our choice of the subsequence nj tm gives that 
£^v m ,u > &\J&mP"i j u for any i € (a m , /? m ]. Thus, for m large enough we can replace the indicators 
inside the expectations in (|4.90|) by the indicators of the events {T^f™^ > (1 -fey 7 "™)^ J m u }- Thus, 
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for m large enough and i € (a rn , f3 m ], we have 

2 



e 1 : 



.2- ,2 



(4.92) 



We want to use Lemma f4. 5. 91 get an upper bounds on the probabilities in the last line above. Lemma 



14.5.91 and the Borel-Cantelli lemma give that for k large enough, E%~ 

-i (t^A < 2'./!// 

all nfc_i < i < rik such that Mj > di 1 e ^ s . Multiplying by {ifH,dh,u) ~^ anc ^ summing ove 
that E^ 1 e^"i k ^ A ^- d h^ < 2. Therefore, Chebychev's inequality gives that 



3 a , for 



-x/4 



Thus, for all m large enough and for all i with a m < i < j3 m < nk m and Mi > dm 6 ^ s we have 
from (I432]) that 



E" 



< e 2 a m /z 2 



2e -(lW5^)/4 + / 2e- 3; / 4 2(a ; -l) Ai 2 , dx 

d m ,uj I , v "t,d m ,LJ 



= (2e 2 5 m + 16(4 + ey^)) e -( 1+8 ^/^ ^ 

Recalling the definition of u TO , w = X)f= Q +i u' we nave that as 
above by 



m — > oo 



, (|4.90p is bounded 



lim 

m — >oo 



J- V (2 £ 2 a m + i6(4 + £v ^)) e -( 1+ ^)/V l 2 J 



i— a TT( . + 1 



" /i I,d m , W 1 M i >fi- e ' ) '' 8 



< lim 

m — >oo 



(2e 2 a m + 16(4 + eV^Q) e-( 1+£V ^/ 4 = . 



This finishes the proof of l|4.88p and thus of Lemma 14.5.121 



□ 



Proof of Theorem \4.1.9\ 

Note first that from Lemma 14.4.21 and the Borel-Cantelli lemma, we have that for any e > 0, 
EujT Vri — o{ni ), P — a.s. This is equivalent to 



logE.T^ l 
limsup — < -, P — a.s. 

k^oa lognfc s 



(4.93) 
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We can also get bounds on the probability of EJT Vn being small. Since E^ 1 T„ i > Mi we have 

P (E u T Un < < P [Mi < n {1 - £]/s , Vi < n) < (l - P (m x > n (1 ~ e)/s )) " , 

and since P{M 1 > n (1 - £)/s ) ~ C 5 n" 1+£ , see (|4T3l) . we have P (E u T Vn < n^-^l 8 ) < e~™ e/2 . Thus, 
by the Borel-Cantelli lemma, for any e > we have that EJT Vn > njj. 1 s),s for all k large enough, 
P — a.s., or equivalcntly 

log E u T„ n l 

liminf— =■ — > -, P - a.s. (4.94) 

fc^oo log Uk S 

Let nk m be the subsequence specified in Theorem l4.5.f 01 and define t m :— EJT nkm . Then, by (14. 93[) 
and 631, linwoo = V«. 

For any t define A" t * := max{X„ : n < i}. Then, for any x S (0, 00) we have 
Pa, ( — < x ) = P (X* < :m fe J = P w (T x „ fcm > t m ) 



Now, with notation as in Theorem 14.5. lOi we have that for all m large enough v$ m < xrik m < v lm 
(note that this also uses the fact that v n jn — > Pp^, P— a.s.). Thus x " fc "^ / _^ x "' i " 1 — ^ Z ~ iV(0, 1). 
Then, we will have proved that lim m _>oo Pu> ( ^ TO < 2^ = ^ for any a; € (0, 00) if we can show 

lim E <" T "^ ~ E " T *»<. m =0) P _ a . s . (4.95) 
For to large enough we have n.& m , :cnfc m € (^ m , ^7 m ). Thus, for m large enough, 
E UJ T xnkm - E u T nkm ^ PJ 3 "' Pi/ Tm _ 1 / jgupn fj, _ f(d m )\ _|_ \p 

a /Urn 1,1 a /Urn t,i 1 > ' . _ 



Since a m < /3 m < 7 m < n& m+ i for all m large enough, we can apply (14.830 to get 
lim P> (T, T -T,(^)"l < lim P> (T„_. -fi d ") 1 =0 



m — >oo 



Also, from our choice of rifc m we have that X)Z=/3 m +i Mi d w — an< ^ — ^mdm ■ Thus 

(|4.95[) is proved. Therefore 

lim P w f < x ) = ~, Vx€(0,oo), 

m— »oc y nfe m / 2 

and obviously lim m _ KX) P w < 0^ = since X„ is transient to the right P — a.s. due to Assump- 

tion [11] Finally, note that 

X± - X t _ XI - v Nt VN t - X t < maxi< t (t/j - Vj-i) vn ± - X t 
log 2 i log 2 t log 2 i ~ log 2 t log 2 t 
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However, Lemma T4.4.6I and an easy application of Lemma T4 . 2 . 1 1 and the Borel-Cantelli lemma gives 
that 

x; - x t 

lim * „ =0, P - a.s. 
t-t-oo log z t 

This finishes the proof of the theorem. □ 



4.6 Asymptotics of the tail of EJF V 

Recall that EJF V = u + 2 Y^Zo Wj = v + 2 Y^i<j,o<j< v n *,i> and for an y A > 1 define 

a = a a — inf{n > 1 : Ilo.n-i > ^4} • 

Note that a — 1 is a stopping time for the sequence IIo,fc. For any A > 1, {a > v} = {Mi < A}. 
Thus we have by (|4.15[) that for any A > 1, 

Q(£kT„ > ar, a > i/) = Q(JSL,r„ > x, M 1 < A) = o(aT s )- (4.96) 

Thus, we may focus on the tail estimates Q(EJT V > x, a < v) in which case we can use the following 
expansion of EJT V : 

E^T v = v + 2 Hij+2 J! n ^+ 2 H n ^+2 H H ^ 

i<0<j'<cr— 1 0<i<j<<x— 1 a<i<j<v i<a-l<j<v 

cr-2 

= i/ + 2W^ii? , CT -2 + 2 W j + 2 ^ JJi tI ,_i + 2W CT _i(l + JZ^-x) . (4.97) 

j— i— cr 

We will show that the dominant term in (|4.97|) is the last term: 2W a —i(l + Ra,u-i)- A few easy 
consequences of Lemmas 14.2.11 and 14.2.21 are that the tails of the first three terms in the expansion 
(|4.97p are negligible. The following statements are true for any 5 > and any A > 1: 

Q{v > Sx) = P(v > Sx) = o( x - s ) , (4.98) 



Q{2W-iR ,a-2 >Sx, a < v) < Q(W_ X > VSx) + P(2i? 0i(T _ 2 > VSx, a < v) 

< Q{W-i > VSx) + P{2vA > VSx) = o{x~ s ), (4.99) 



cr-2 



*3 y Yl w °ij > 5x >< J < v j < p ^ 2 J2 i A > 6x > ° < - p <> 2yl > fa ) = o(ar s ). (4.100) 

In the first inequality in (|4.100p . we used the fact that Tlij < Ilo.j for any < i < v since no,i_i > 1. 

The fourth term in (I4.97|) is not negligible, but we can make it arbitrarily small by taking A 
large enough. 
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Lemma 4.6.1. For all 5 > 0, there exists an Aq = Ao(S) < oo such that 
Pi 2 Rt^-i > Sx\ < 5x- s , \/A>A {5). 

\ <JA<i<v J 

Proof. This proof is essentially a copy of the proof of Lemma 3 in [KKS75] . 

p[2 y, Ri,u-i>8x\<p[ y Ri>\A = P ^i^^R, > S - X ^jr t -A 

V a A <i<u J \a A <i<v J \i=l i=l / 

i=l \ ^ ' 

However, since the event {a a < * < ^} depends only on pj for j < i, and Ri depends only on pj for 
j > i, we have that 

P ( 2 Y Ri,v-x > 5x\ <Y p ( a A<i<v)p(Ri> x^ir 2 



a A <i<U / i— 1 



7T 2 



Now, from (|4.11[) we have that there exists a Ki > such that P(Ro > x) < K\x s for all x > 0. 
We then conclude that 



i \ 7T / 



2 s 



— s 



El ^ 7 2S 

1=1 



-^(S) ^ Si ^ 2s+1 l^<,]- (4-101) 

Since Epv 2s+1 < oo and lim^-^ P(<7/i < v) = 0, we have that the right side of (|4. 1 1[) can be 
made less than 8x~ s by choosing A large enough. □ 

We need one more lemma before analyzing the dominant term in (|4.97|) . 

Lemma 4.6.2. Eq \W* A _{\. aA<y \ < oo for any A > 1. 

Proof. First, note that on the event {a a < ^} we have that 1L !(XA _i < Ilo.o-^-i for any i 6 [0,avi). 
Thus, 

W„ A -1 = W Q ,a A -l + n , CTA _iVK_i < {<T A + W-l)Ho, aA -l. 

Also, note that r±o ;(T ,4-i ^Va-i by the definition of a a- Therefore 
E Q [W^l^] < E Q [(o-a + W_i)MX A -il 
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Therefore, it is enough to prove that both Eq \Wi 1 p s (TA _ l l aA<u \ and Eq \a s A p% A _ 1 l IJA<v \ are finite 
(note that this is trivial if we assume that p has bounded support). Since W_i is independent of 
p% A _ l l CIA<1J we have that 

Eq [W s _ lP s aA _ x U A<v ]=E Q [W s _ x ]E P [p% A _ 1 U A<v ], 

where we may take the second expectation over P instead of Q because the random variable only 
depends on the environment to the right of zero. By Lemma [4.2.21 we have that -Eq[W1i] < oo. 
Also, Ep\p s aA _{\. aA<v \ < Ep[a s A p s a 1 l (TA <i/], and so the Lemma will be proved once we prove the 
latter is finite. However, 

oo oo 
k=l k=l 

and since the event {k < v\ depends only on (po, pi, . . . pk-%) we have that Ep [p^^lfc^,,] = 
Epp s P(y > k) since P is a product measure. Then since Epp s = 1 we have that 

oo 
k=l 

This last sum is finite by Lemma [4.2.11 □ 

Finally, we turn to the asymptotics of the tail of 2I / F cr _i(l +R a<l ,-i), which is the dominant term 
in (|4~97) . 

Lemma 4.6.3. For any A > 1, there exists a constant Ka G (0, oo) such that 

lim x s Q [W a -i{l + R<r,u-i) > x, a < v) = K A . 

X — >oo 

Proof. The strategy of the proof is as follows. First, note that on the event {a < v\ we have 
W a -i(l + R(j ) = W a -x{l + + W a -\XI a ^-\R v . We will begin by analyzing the asymptotics 

of the tails of W„-\{\ + R a ) and W a -\XI<j tV -\Rv. Next we will show that W a -i(l + Ru,v-i) and 
W a -iHa,v-iRv are essentially independent in the sense that they cannot both be large. This will 
allow us to use the asymptotics of the tails of W a -\(1 + Ra) and W a -i^-a,i/-iRv to compute the 
asymptotics of the tails of W a -i(l + R a ,^-i)- 

To analyze the asymptotics of the tail of W (T _i(l + R a ), we first recall from (|4.11[) that there exists 
a K > such that P(Ro > x) ~ K x~ s . Let JF cr _ 1 = <r(. . . , w CT _ 2 , u<r-i) be the a— algebra generated 
by the environment to the left of a. Then on the event {a < oo}, R a has the same distribution as 



CHAPTER 4. QUENCHED LIMITS: ZERO SPEED REGIME 



78 



x s Q 1 + R a > 



Ro and is independent of T„—\. Thus, 

lim x s Q(W<,-i{l + Ra) > x, a < v) = lim En 

x — >oo x — >oo 

= KE Q [W^l^] . 

A similar calculation yields 

lim x s Q {Wa-iTla^-iRv > x, a < v) = lim Eq x s Q ( R u > 



Next, we wish to show that 



(4.102) 



w^-in^-i 



,cr < v 



lim x s Q (W^-^l + > ex, W^-in^-if^ > ex, cr < v) = 0. 

x — >oo 

Since Yi a ^-\ < 4 on the event {cr < z/} we have for any e > that 

£ S Q (W CT _i(l + Ra,v-i) > ex, Wa-iIL^-iRu > ex, a < v) 
< x s Q (W CT _i(l + R<r,u-i) > ex, Wa-iRv > Aex,a < v) 
= x s E Q 



(4.103) 



(4.104) 



SX \ f sx 
Q I 1 + R a>u -! > — )Q[Rv> A— \ \ a<v 



cr-l 



< & 



x s g ( i + i? CT > T7 ^|^ CT _ 1 ) g [r v > A-f^i^! ) i CT< „ 



(4.105) 



where the equality on the third line is because and R v are independent when a < v (note 

that {cr < ^} G -Tv-i), and the last inequality is because R a . v -\ < R a . Now, conditioned on J- a -i, 
R a and i? y have the same distribution as Rq. Then, since by (14. lip for any 7 < s there exists a 
K 1 > such that P(l + Ro > x) < K^x^ 1 , we have that the integrand in (|4.105[) is bounded above 
by K^e~ 2 ' r W^Zi'i-a<iyX s ~ 27 , Q — a.s. Choosing 7=5 gives that the integrand in (|4.105|) is Q — a.s. 
bounded above by K\e^ s W^_ 1 \ a< v which by Lemma [410] has finite mean. However, if we choose 
7 = s then we get that the integrand of (|4.105| tends to zero Q — a.s. as x — > 00. Thus, by the 
dominated convergence theorem we have that (|4.104[) holds. 
Now, since R a = R a ^-\ + Tl aM -iR v , we have that for any e > 

Q{W a ^i{\ + R a ) > (l+e)x,a <v)< Q(W CT _i(l + R„, u -i) > ex, W r7 -iIl r7 ^^ 1 R l/ > ex, a < v) 

+ Q(W a -l(l + R<r, v -l) >x,a<v) 
+ Q{W <J ^ 1 Ii <7tV ^ 1 R v > x,a <v). 
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Applying (|4.102|> . (|4.103|) and (|4.104p we get that for any e > 

limMx s Q(W a - 1 (l + R (7 , l ,- 1 ) > ar.tr < v) > KEqIW^I^I + s)- 8 - KEqIW^U^^I^}. 

(4.106) 

Similarly, for a bound in the other direction we have 

Q(W CT _i(l +R a ) > x,a < v) > Q(W CT _i(l + R„, u -i) > x, or W a - 1 Il <Til ,- 1 R„ > x,a < v) 

= Q(W a -i{l +R a , v -i) > x,cr < v) 
+ QtWa-iIlv^^iRv > x, a < v) 

- Q{yV a - X [\ + R a , v -x) > x, Wv-iR^-iRu > x,a < v) . 
Thus, again applying (|4. 102jl . (j4. 1 03j> and (|4.104| we get 
limsupx s Q(V^ CT _ 1 (l + i? (T ^_ 1 ) > x,a < v) < KE Q [Wl_ii. a<v ]- KEqIW^U^I^] . (4.107) 

X — >OG 

Finally, applying ()4. 106[) and (|4.107|) and letting e — > 0, we get that 

lim x s Q{W a -i{l + R a , u - X ) >x,a<v) = KEqIW^I - Kv-i) 1 *^] =■ k a, 
and Ka G (0, oo) by Lemma T4.6. 21 and the fact that 1 — IL^-i 6 (1 — 4r, 1). □ 

Finally, we are ready to analyze the tail of EJT V under the measure Q. 
Proof of Theorem \4-l-4\ 

Let 5 > 0, and choose A > Aq(S) as in Lemma [4.6.11 Then using (|4.97p we have 

Q(E U T V >x) = Q{E U T V >x,a>v) + QiE^ > x,a <v) 

< Q(E U T V > x, cr > v) + Q(y > Sx) + Q(2VF_ii? ,<r-2 > Sx, a < v) 

+ Q (2^Wo, J ;>5x,a<u\ +Q 1 2 ^ R i , u - l >5x 

\ 3 =0 J \ a<Kv 

+ Q(2VF CT _i(l + R a . v -x) > (1 ~ 45)x, a<v). 

Thus combining equations gTSB]), ([47551) . and (|4. 100|) . and Lemmas I4TO and liTO we get 

that 

lim sup x s Q(E U T V > x) < 6 + 2 s K A (l ~ AS)- 3 . (4.108) 

x — >oo 

The lower bound is easier, since Q(E U T U > x) > Q(2W CT _i(l + R a ,v-i) > x, a < v). Thus 

lim inf x s QiE^Tv > x) > 2 S K A . (4.109) 
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From (|4.108|) and (|4.109|) we get that K := limsup^ 00 2 s ^ < oo. Therefore, letting K := 
liminf^oo 2 s K A we have from (|4.108[) and (|4.109|l that 

if < Kmvnix"Q{E ll} T v > x) < \imsup x s Q(E u T v > x) <5 + K{l-A5y s 

x >go x — >00 

Then, letting £ — » completes the proof of the theorem with = K_= K. □ 



Chapter 5 



Quenched Limits: Ballistic Regime 



This chapter consists of the article Quenched Limits for Transient, Ballistic, Sub- Gaussian One- 
Dimensional Random Walk in Random Environment, by Jonathon Peterson, which was recently 
accepted for publication by the Annales de l'lnstitut Henri Poincare - Probabilites et Statistiques. 
This article contains the full proofs of Theorem 12.3.41 Thcorcm l2.3.5[ Proposition ^. 3. 8l and the hrst 
part of Theorem 12.3.61 (sketches of these proofs were provided in Chapter [2|) . 

In order to keep this chapter relatively self-contained, the above mentioned article has been left 
mostly unchanged. Therefore, much of the introductory material in Section ^. II has already appeared 
in Chapters[T]andE] Also, many of the results of this chapter build on the previous results of Chapter 
[U The notation used in this chapter is consistent with the notation in the previous chapters. 
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5.1 Introduction, Notation, and Statement of Main Results 

Let f2 = [0, l] z and let T be the Borel a— algebra on J7. A random environment is an Sl-valued 
random variable ui = {uji}i<£z with distribution P. We will assume that P is an i.i.d. product 
measure on Q. The quenched law P x for a random walk X n in the environment u) is defined by 



P%(X =x)=l and P%{X n+1 =j\X n =i) 



i if .7=1 + 1, 

1 — u>i if j = i — 1 . 



Z N is the space for the paths of the random walk {X n } n ^ and Q denotes the a— algebra generated 
by the cylinder sets. Note that for each oj £ fl, P^ is a probability measure on (Z N , Q), and for each 
G E Q, P%(G) : (Q,? 7 ) — > [0, 1] is a measurable function of to. Expectations under the law P x are 
denoted E% . The annealed law for the random walk in random environment X n is defined by 



X (F x G) = / P*{G)P{<Lj), F e F,G e G. 

JF 



IF 

For ease of notation, we will use P^ and P in place of P° and P° respectively. We will also use V x 
to refer to the marginal on the space of paths, i.e. F X (G) = ¥ x (n x G) = E P [P X (G)} for G e Q. 
Expectations under the law P will be written E. 

A simple criterion for recurrence of a one-dimensional RWRE and a formula for the speed of 
transience was given by Solomon in |Sol75j . For any integers i < j, let 

1 — u> 3 
Pi ■= and Ilij := TT pfe < (5-1) 

Then, X n is transient to the right (resp., to the left) if E'p(logpo) < (resp. Ep log po > 0) and 
recurrent if i?p (log po) = 0. (Henceforth we will write p instead of po in expectations involving only 
po.) In the case where Eplogp < (transience to the right), Solomon established the following law 
of large numbers 

vp := lim — — = lim — = , P — a.s. (5-2) 

ri^oo n n^oc T n ETl 

where T n := min{fc > : Xk — n}. For any integers i < j, let 

j 

W itj : Y, » and W i ~ Yl Ul ■ ■ {r '- :l) 

k—i k<j 

When Ep log p < 0, it was shown in Zei03] that 

ELTj+i = 1 + 2Wj < oo, P-a.s., (5.4) 
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and thus up = l/(l + 2EpWo). Since P is a product measure, Ep Wq = J2T=i (Epp) ■ In particular, 
v P > if E P p < 1. 

Kesten, Kozlov, and Spitzer (KKS75] determined the annealed limiting distribution of a RWRE 
with 2?p log p < 0, i.e., transient to the right. They derived the limiting distributions for the walk by 
first establishing a stable limit law of index s for T n , where s is defined by the equation Epp" = 1. 
In particular, they showed that when s 6 (1,2), there exists a 6 > such that 



where L S! b is the distribution function for a stable random variable with characteristic function 



While the annealed limiting distributions for transient one-dimensional RWRE have been known for 
quite a while, the corresponding quenched limiting distributions have remained largely unstudied 
until recently. In Chapter [3] we proved that when s > 2 a quenched CLT holds with a random 
(depending on the environment) centering. Goldsheid Gol07 has provided an independent proof of 
this fact. Previously, in [KM84] and |Zei04j it had only been shown that the limiting statements for 
the quenched CLT with random centering held in probability (rather than almost surely). In the 
case when s < 1, it was shown in Chapter [4] that no quenched limiting distribution exists for the 
RWRE. In particular, it was shown that P — a.s. there exist two different random sequences tk and 
t' k such that the behavior of the RWRE is either localized (concentrated in a interval of size log 2 t' k ) 
or spread out (scaling of order t s k ). 

In this chapter, we analyze the quenched limiting distributions of a transient, one-dimensional 
RWRE in the case s € (1, 2). We show that, as in the case when s < 1, there is no quenched limiting 
distribution of the random walk. As was done when s < 1, this is shown by first showing that 
there is no quenched limiting distribution for the hitting times T n of the random walk. However, in 
contrast to the case s < 1, the existence of a positive speed for the random walk in the case s£ (1,2) 
allows for a more direct transfer of limiting distributions from T n to X n (see Proposition 15 . 1 ,4|) . 

Throughout the Chapter, we will make the following assumptions: 

Assumption 13. P is a product measure on f2 such that 




(5.5) 



and 




(5.6) 




Ep log/3 < and Epp s = 1 for some s > 0. 



(5.7) 
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Assumption 14. The distribution of log p is non-lattice under P and Ep(p s logp) < oo. 
Remarks: 

1. Assumption [13] contains the essential assumptions for our results. The technical conditions 
contained in Assumption [T4l were also invoked in KKS75 and in Chapter [4] 

2. Since Epp 1 is a convex function of 7, the two statements in (|5.7[) give that Epp 1 < 1 for all 
< 7 < s and Epp 1 > 1 for all 7 > s. In particular this implies that vp > if and only if s > 1. 
The main results of this Chapter are for s £ (1,2), but many statements hold for a wider range of 
s. If no mention is made of bounds on s, then it is assumed that the statement holds for all s > 0. 

3. The cases s S {1,2} are not covered here or in Chapter |4j It is not clear whether or not a 
quenched CLT holds in the case s — 2, but we suspect that the results for s = 1 will be similar to 
those of the cases s € (0, 1) and s S (1, 2), i.e., quenched limiting distributions for the random walk 
do not exist. However, since s = 1 is the bordering case between the zero-speed and positive-speed 
regimes, the analysis is likely to be more technical (as was also the case in [KKS75J). 

Let $(2;) and ^>(x) be the distribution functions for a Gaussian and exponential random variable 
respectively. That is, 



$(2:) 



/ x 1 
-—e- t2 ' 2 dt and V(x) := { 



x < 0, 

~ x x > 0. 



Our main results are the following: 



Theorem 5.1.1. Let Assumvtions\TS\ and\14\ hold and let s € (1,2). Then, P — a.s., there exists 
a random subsequence = rifc m (w) of — 2 2 and non- deterministic random variables ffc m , w , 
such that 

Um Puj ( T " fc - Z E " Tn ^ < x ) = y x e K , 



and 



Km P u ( Xtm Ukm <x)= $(x), \/x S R. 

VPy/Vk m ,u 



m — >oo 



where t m = t m (uj) := [E u T nkm \ . 

Theorem 5.1.2. Let Assumvtions\J3\ and\14\ hold and let s 6 (1,2). Then, P — a.s., there exists 
a random subsequence n^ m — Ufc m (w) of — 2 2 and non- deterministic random variables ffc m , w , 
such that 

lim P^ ( Tnkm ~ EuT H^ <x] = V(x + 1), Vx G R, 
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Hm p w I Xt ™ < x I = 1 - + 1), V.t e 



cmrf 

lim i>, I 

w/iere t m = t m (uj) := [-EwI^J • 
Remarks: 

1. Note that Theorems 15 . 1 . II and 15 . 1 . 21 preclude the possiblity of quenched analogues of the annealed 
statements (|5.5j) and f|5 . 6|) . 

2. The choice of Gaussian and exponential distributions in Theorems 15.1.11 and 15.1. "21 represent the 
two extremes of the quenched limiting distributions that can be found along random subsequences. 
In fact, it will be shown in Corollary 15.4.51 that T n is approximately the sum of a finite number 
of exponential random variables with random (depending on the environment) parameters. The 
exponential limits in Theorem 15.1.21 are obtained when one of the exponential random variables has 
a much larger parameter than all the others. The Gaussian limits in Theorem 15.1.11 are obtained 
when the exponential random variables with the largest parameters all have roughly the same size. 
We expect, in fact, that any distribution which is the sum of (or limit of sums of) exponential random 
variables can be obtained as a quenched limiting distribution of T n along a random subsequence. 

3. The sequence nk — 2 2k in Theorems 15.1.11 and 15.1.21 is chosen only for convenience. In fact, for 
any sequence nk growing sufficiently fast, P — a.s., there will be a random subsequence nk m (w) such 
that the conclusions of Theorems 15.1.11 and 15.1.21 hold. 

4. The definition of w/c m ,w is given below in (|5.11[) . By an argument similar to the proof of Theorem 
15.1.31 it can be shown that linin^oo P (n k 2 ^ s Vk, UJ < x^j — L = .j,(i) for some b > 0. Also, from (|5.2p . 
we have that t m ~ E7infc m . Thus, the scaling in Theorems 15.1.11 and 15.1.21 is of the same order as 
the annealed scaling, but it cannot be replaced by a deterministic scaling. 

Define the "ladder locations" Vi of the environment by 



iso = 0, and 



inf{n > : il^.^n-i < 1}, i> 1, 

(5.8) 

sup{j < z/; + i : Uk,j-i < 1, Vfc < j}, i < -I. 



Throughout the remainder of the chapter we will let v = i>\ . We will sometimes refer to sections 
of the environment between and i>\ — 1 as "blocks" of the environment. Note that the block 
between v_\ and vq — 1 is different from all the other blocks between consecutive ladder locations (in 
particular, H v _ lt „ _i > 1 is possible), and that all the other blocks have the same distribution as the 
block from to v — 1. As in Chapter|H we define the measure Q on environments by Q(-) = P{- \R) : 
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where 

R:={weSl:L lr i<l, Vfe > 1} = |w G O : ^ logp, < 0, Vfc > lj . 

Note that P(1Z) > since Ep log p < 0. Q is defined so that the blocks of the environment between 
ladder locations are i.i.d. under Q, all with the same distribution as the block from to v — 1 under 
P. In particular, P and Q agree on a(uii : i > 0). 

For any random variable Z, define the quenched variance Var^Z := E LJ (Z — E^Z) 2 . In Theorem 
HUTU it was proved that when s € (0, 1), vT^^E^T^ converges in distribution (under Q) to a stable 
distribution of index s. Correspondingly, when s < 2 we will prove the following theorem: 

Theorem 5.1.3. Let Assumptions [Tffl and \14\ hold and let s < 2. Then, there exists a b > such 
that 

km Q ( Var f; n <x)= lim Q ( -L V (E^T v f < x ] = L f , 6 (:z) . (5.9) 

Remarks: 

1. The constant £> in the above theorem may not be the same as in (|5.5[) and (15. 6|) . 

2. Theorem 15 . 1.31 can be used to show that linin^oo P ( y ° 2/ J" < ^) = -^f ,b'(a;) for some 6' > 0, but 
we will not prove this since we do not use it for the other results in this chapter. 

A major difficulty in analyzing T Uri is that the crossing time from to Vi depends on the entire 
environment to the left of V{. Thus, Var ul (T Vi — T Vi _A and Var UJ {T llj — T Vj _ x ) are not independent 
even if \i — j\ is large. In order to make the crossing times of blocks that are far apart essentially 
independent, we introduce some reflections to the RWRE. For n = 1, 2, . . ., define 

b n :=[\og 2 (n)\. (5.10) 

- (n) 

Let XI be the random walk that is the same as Xt with the added condition that, after reaching 
Vk, the environment is modified by setting oj Uh _ b = 1 (i.e., never allow the walk to backtrack more 
than log 2 (n) blocks). We couple x\ n ' with the random walk X t in such a way that x[ n ^ > X t with 
equality holding until the first time t when the walk X^ reaches a modified environment location. 
Denote by T^ the corresponding hitting times for the walk x[ n \ It was shown in Lemma r4.4.5l that 
linin^oo Puj{T Vn 7^ fi£ ) = 0, P — a.s., so that, in fact, with high probability the added reflections 
do not affect the walk at all before T„ n . For ease of notation, let 

W,n >w := E v J- 1T i>f > and a\ n ^ := Var^ (f jf - T^ ) . 

The structure of the chapter is as follows. In Section [5.21 we prove the following general propo- 
sition that allows us to easily transfer quenched limit laws from subsequences of T n to X n . 
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Proposition 5.1.4. Let Assumptions^!^ and \ H\ hold and let s 6 (1,2). Also, let n k be a sequence 

of integers growing fast enough so that Hindoo = oo for some S > 0, and let 

n k—i 

d k :=n k -n k - x and v kM := £ ^ = ^(fW-fWj. (5.11) 

Assume that F is a continuous distribution function for which, P — a.s., there exists a subsequence 
n km — n km {uS) such that, for a m := n km -i, 

pL- Xm <y)=F(y), VyeM, 

for any sequence x m ~ n km . Then, P — a.s., for all y£R, 

lim P. ( Tx - Zf^*~ < y ) = F(y), (5.12) 



for any x m ~ n km , and 



where t m := [E u T nkm \ . 



lim p u {^h^J^<y) =i- F {-y), (5.13) 

Vp-s/V kmtU 



Then in Sections 15.31 and 15.41 we use Theorem 15. 1.31 to find subsequences n km {u>) that allow us 
to apply Proposition 15.1.41 To find a subsequence that gives Gaussian behavior of T nk , we find 
a subsequence where none of the crossing times of the first n km blocks is too much larger than all 
the others and then use the Linberg-Feller condition for triangular arrays. In contrast, to find a 
subsequence that gives exponential behavior of T nk , we first prove that the crossing times of "large" 
blocks is approximately exponential in distribution. Then, we find a subsequence where the crossing 
time of one of the first n km blocks dominates the total crossing time of the first n km blocks. Finally, 
Section 15.51 contains the proof of Theorem 15.1.31 which is similar to the proof of Theorem 14.1.11 

Before continuing with the proofs of the main theorems, we recall some notation and results from 
Chapters and 0] that will be used throughout the Chapter. First, recall that from Lemma [4.2.11 
there exist constants C% , C2 > such that 

P(y >x)< C ie ~ C2X , Vx > 0. (5.14) 

Then, since v n — v i ~ an d the Vj, — Vi-i are i.i.d., the law of large numbers implies that 

lim — = Epv =: D < oo, P — a.s. (5.15) 
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In Chapter [4] the following formulas for the quenched expectation and variance of T v were given: 

v — 1 v — 1 v — 1 

E u) T u = v + 2^W j , and Var^T v = 4 ^(W, ■+ W?) + 8 ^ ^ IL, +1 tJ ■{W l + W 2 ). (5.16) 

j=0 j=0 j=0 i<j 

Note that since the added reflections only decrease the crossing times, obviously T„ > T^ and 
E U T V > EM n) for any n. Also, since (|5.16[) holds for any environment u, the formula for VarJT^ 
is the same as in (|5.16|) . but with p v _ bn replaced by 0. In particular, this shows that VarJT v > 
VarJTy n ^ for any n. As in Chapter 01 for any integer i, let 

Mi := m&x{TL„ z _ uj : j e [vi-i, Vi)} . (5.17) 

Then, |Igl72[ Theorem 1] implies that there exists a constant C3 < 00 such that 

Q(M t >x) = P{M X > x) ~ C 3 x~ s . (5.18) 

Note that Mi < maxo<j< l , Wj. Therefore, from the formulas for EJT V and VarJT v in (I5.16|) . it is 
easy to see that EJT V > M\ and VarJT v > M\. (The same is also true for T^, n \) Finally, recall 
the following results from Chapter [4j 

Theorem 5.1.5 fLemma 14.3.31 Theorem I4.5.l( ). There exists a constant K x £ (0, 00) such 
that 

Q {Var^T„ > x) ~ Q ((E u T v f > x) ~ K^x-^ 2 , as x -> 00. 
Moreover, for any e > and x > 0, 

Q (Var^T^ > xn 2 ' s , M\ > r^ 1 "^ 8 ) ~ Q UeJT^ > xn 2 ' s , M 1 > n^'A ~ K x x- S < 2 ^ 
as n — > 00. 



5.2 Converting Time Limits to Space Limits 

In this section, we develop a general method for transferring a quenched limit law for a subsequence 
of T n to a quenched limit law for a subsequence of A„. We begin with some lemmas analyzing the 
a.s. asymptotic behavior of the quenched variance and mean of the hitting times. 

Lemma 5.2.1. Assume s < 2. Then, for any 5 > 0, 
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Proof. The first inequality in the lemma is trivial since for any A G T , it follows from the definition 
of Q that Q(A) = P( p^' ) < pMy. Next, note that when s < 2, Lemma I5XTT1 implies 

P (Var u f^ > n 2 / s + 5 ) < P (Var u T Vn > n 2/s+5 ) = o( n - Ss/4 ) . (5.19) 

Also, since Var u {fj^ - T^J > Af 2 , 

P (Var^T^ < n 2 /*" 5 ) < P (m 2 < n 2 / 8 " 5 )" = (l - P (Mi > n 1 ^ 2 ))" = o (V"^ 4 ) , 

where the last equality is from (|5. . □ 

Corollary 5.2.2. Assume s < 2. Then, for any S > 0, 

Consequently, if s < 2 , i/ien ^/Vk.^ — o{dk), P — a.s. 

Proo/. Recall from ([STTTjl that by definition = T/ar w (Tjj^ -Tjj*^). Also, note that the 
conditions on n.^ ensure that grows faster than exponentially and that dk ~ Uk- Thus, for all k 
large enough vi-,u only depends on the environment to the right of zero. Therefore for all k large 
enough 

where the last equality is from Lemma 15.2.11 Now, for the second claim in the corollary, first note 
that 2 > | + s=l since s > 1. Therefore, for any e > and for all k large enough we have 

P (v k , u > edt) < P {v.,. > d f = o (d-^ 1)/A ) . 

This last term is summable since df. grows faster than exponentially. Thus the Borcl-Cantclli Lemma 
gives that Vk,u = o(d\), P — a.s. □ 

Corollary 5.2.3. Assume s < 2. Then 

Var^T,, 

lim = 0, P — a.s. 

fc^oo Vk,u 

Proof. By the Borel-Cantelli Lemma it is enough to prove that for any e > 

oo 

fc=i 
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However, for any S > we have 

P (yar a T Vnk i > eu fclW ) < P ( 



> erf 



■2/s-S 



p [v ktU < 4 /s - 6 



(5.20) 



By Corollary 15.2.21 the last term in ()5.20j) is summable for any S > 0. To show that the second to 
last term in (|5.20p is also summable hrst note that the conditions on the sequence nk give that there 
exists a 5 > such that £df/ s S > n^ff^ S for all k large enough. Thus, for some S > and all k 
large enough we have 

P (Var u T Vnk i > edf + 5 ) < P (Var^T^ > = (n~*f ), 



where the last equality is from (|5.19[) . 

Lemma 5.2.4. Assume s S (1,2). Then ETi < oo, and P — a.s. 

EuTn^x^-^ — E w T nk 
lim —— = = XuLl i , VI £ 



□ 



(5.21) 



Eu,T„ 



-E„T n 



— is monotone in x it is enough to prove that for arbitrary 



Proof. Now, since 

x £ Q the limiting statement in (|5.2ip holds. Obviously this is true when x — since both sides are 
zero. For the remainder of the proof we'll assume x > 0. The proof for x < is essentially the same 
(recall that by Corollary 15.2.21 vi- ,,, = o(rft) = o(rik) when s < 2). Note that for x > then we can 
re-write E UJ T nk + ^ x ^ Wk -^^ — EJT nk = E" k T nk + ^ x ^ Wk -^-^ . By the Borel-Cantelli Lemma it is enough to 
show that for any e > 0, 



J2p(\E^T nk+lxV ^ ] - Ix^J-jET^ >e^j) < 
fe=i 

However, for any S > we have 

P (\EZ k T nk + [xVW:J] - rx^nETi| > e^iJj^) 



(5.22) 



< P [3m e 



\xdl /s - 5 ] , \xd l k ' s+ °] : |i?: ifc T„ fc+m - mETxl > 



em 



x J 



P Vk 



,2/s-25 ,2/s+2S 
d k . d k 



< P max |£? w T m - mETi| > e^/" 4 + o(d k &s/2 ), 



(5.23) 



where the last inequality is due to Corollarv l5.2.2l and the fact that {E™ k T nk+m } mG z has the same 
distribution as {E u T m } m ^z since P is a product measure. Thus, we only need to show that the first 
term in (|5.23p is summable in k for some <5 > 0. For this, we need the following lemma whose proof 
we defer. 
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Lemma 5.2.5. Assume s E (1, 2]. Then for any < 6' < ^j. we have that 



P f max |£^T m - mET^ > n^j = o [n- {s - 1)/2 ^ 



Assuming Lemma 15.2. 5[ fix < 6' < ^j" an d then choose < S < s ( 2 S -$>) ■ We choose 6 
and 8' this way to ensure that (1/s + <5)(1 — 5') < 1/s — 5. Therefore, for all k large enough, 

-,1-5' 



jl/s-6 ^ 
sd k ' > 



xd 



1/s+S 



Thus for all k large enough we have 



P ( max \EJT m - mETJ > ed\ ,s 5 < PI max |-E w T m - mETi| > 



,m< [x4 /s + 5 ] 



1/s+S 



1-5' 



old 



-(l/s+<S)(s-l)/2 



as A; — > oo. 



Since s > 1 this last term is summable in k. 



□ 



Proof of Lemma 15.2.51 Before proceeding with the proof we need to introduce some notation for a 

~ ( n ) 

slightly different type of reflection. Define X t to be the RWRE modified so that it cannot backtrack 

_ r n \ 

a distance of b n (the definition of X t is similar except the walk was not allowed to backtrack b n 
blocks instead). That is, after the walk first reaches location i, wc modify the environment by setting 

- (n) . . - (n) 

k>i— b„ — !• Let T x be the corresponding hitting times of the walk X t . Then 



P ( max \E u T m - toE7\ | > n 

i m<n 



1-5' 



< P E u T n - EufW > 



.1-8' 



P ( ETi — ET j n) > - 



-s' 



P max 



{n) 



A-5' 



> 



< 3n- 1+s '{ET n ~ Efi n) ) + 1 



ETi-Ef 1 ( ' l, >n— 5 73 



P max 



E u fW - mET{ 



> 



(5.24) 



Now, from flU} we get that £ w Ti - JS^T-p = (1 + 2W a ) - (1 + 2W_& n+ i >0 ) = 2U- hn+lfi W- hn , and 
thus since P is a product measure 

2n 



ET n - EfW = nPp (^Ti - 



n(") 



1-Epp 



(£pp) 



(5.25) 



Since Epp < 1 and b n ~ log 2 n the above decreases faster than any power of n. Thus by (I5.24[) 



we need only to show that P ^max m <„ 
of notation we define := E?~ 1 T}- n ' - 



Ef[ n) . Thus, since ^fi" } - mET\ n > = ZZi K T 



(n) 



> 



-) = o^-^-D/ 2 ). For 
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P max 

\ 7n<n 



> 



< P | max y 

~ i=l 




(5.26) 



(n) 

Due to the reflections of the random walk, k\ depends only on the environment between i — b n and 
i — 1. Thus, for each i {k^^J-^Lq is a sequence of i.i.d. random variables with zero mean, and so 
*£j-=o K< jbi+i} l >° ^ S a martingale. Now, let 7 e (1, s). Then, by the Doob-Kolmogorov inequality, 
for any integer N we have 

„i-<5' 



max 


Vk (ti) 







> 



3b r , 



< VbZn- 1+lS 'E t 



N 
3=0 



Since {Kj£ +j }^=o ^ s a sequence of independent, zero- mean random variables, the Marcinkiewicz- 
Zygmund inequality [CT78, Theorem 2] implies that there exists a constant P 7 < 00 depending 
only on 7 > 1 such that 

7/2 





N 


1 


Ep 




< ByEp 




3=0 





N 

E (-£«)' 



JY 



1 3=0 



1 =p 7 (7v+i)Ppi4 n) r, 



where the second inequality is because 7 < s < 2 implies 7/2 < 1. Now, recall from [KKS75J that 
P{E UJ Ti > x) ~ JiTce -5 for some A" > 0. Therefore, since 7 < s we have that PplP^Til 7 < 00. Thus, 



it's easy to see that Ep\k^\~ i = Ep 
a constant depending on 7 6 (1, s) such that 

i 



is uniformly bounded in n. So, there exists 



P I max 

KN 



(«) 



l-<5' 



and thus by (|5~2"6l) 



P max 



mption we he 



> 



3 

s-l 



36 



Since by assumption we have 5' < we may choose 7 < s arbitrarily close to s so that 

□ 
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Proof of Proposition \5.1.4\ 

Recall the definition of a m := rik m -i. To prove (|5.12[) it is enough to prove that Ve > 

T Va — EJT V 



lim P w 

m — >oo 



> e = 0, P-a.s. 



(5.27) 



and 



lim P L 

m — t-oo 



T, 



0, and lim E L 

m — >oo 



ril fcm) )=0, P-a.s. (5.28) 



To prove (|5.27p . note that by Chebychev's inequality 

— E u ,T,j 



v 7 ^ 



>e < 



VarJT Va 



which by Corollary 15.2.31 tends to zero P — a.s. as m — > oo. Secondly, to prove l|5.28[) . note that 
since 



P 



'X,.. -fit m) > i) <^ Qm ( 



(d km ) 



(r ara ^ iff-™ (5 

it is enough to prove only the second claim (|5.28[) . However, since x m < 2rifc m for all m large enough, 
it is enough to prove 



lim E^Or^-T^A =0, P-a.s. 



(5.29) 



To prove (|5.29p . note that for any e > that 



E ( T> 



pi d k) 
-2n k 



2nfcE I Tx — Tf 



(5.30) 

= 1 _'^ pp (Epp) bd k which decreases faster than 
any power of n k (since Epp < 1 and dk ~ and thus the last term in (|5.30p is summable. 



However, from (|5.25p we have that E T x - T x l 



Therefore, applying the Borel-Cantelli Lemma gives (|5.29|) which completes the proof of (|5 . 1 2|) . 
Note, moreover, that the convergence in (|5. 12(1 must be uniform in y since F is continuous. 
To prove (|5.13p . let X% :— max{JT„ : n < t} and let 

x m {y) ■= \n km +yv Py /v km: uj] , y e K. 



Using this notation, 



P,: 



<y) =P U (X* m < x m (y)) = P^ (T Xm(y) > t m ) 

_ p | T Xm (y) — EJT Xm (^ ^ t m — E UJ T Xm (y-) 



(5.31) 
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Now, recalling the definition of t m := \ E UJ X nkm J , by Lemma [5. 2. 41 we have 
.. t m —'E UJ T x ! y \ \EJT nh J — E u] T Hk +yvp , v 

lim — = hm = —y, My G K P — a.s., 

where we used the fact that vpEPi = 1 due to (|5.2[) . Also, by Corollary 15.2.21 we have P — a.s. 
that sjvk.u} = o(d k ) = o(rik) since s < 2, and therefore x m (y) ~ "fe^- Thus since the convergence in 
(|5.12p is uniform in y, (|5.31[) gives that 

(X* -n k \ 

lim P„ tr " m <y)=l- F(-y), Vy G R P - a.s. (5.32) 



Now, (|5.2p gives that i m ~ (ETi)nfc m , P — a.s. Therefore, an easy argument involving Lemma|4A6] 
and (|5.14p gives that X% m - X tm = o(log 2 t m ) = o(log 2 n km ), P - a.s. Also, Corollary [5.2.21 and the 
Borel-Cantelli Lemma give P — a.s. that > dj/ s ~ S ~ rt 2 /* 5 for any <5 > and all k large enough. 
Therefore, P — a.s. we have that lirrim^oo ^ tm - = 0. Combining this with f|5.32p completes the 
proof of dHHl). □ 

Remark: For the last conclusion of Proposition 15.1.41 to hold it is crucial that s > 1. The dual 
nature of X t * and T n always allows the transfer of probabilities from time to space. However, if s < 1 
then ETi = oo and the averaging behavior of Lemma 15.2.41 does not occur. 

5.3 Quenched CLT Along a Subsequence 

For the remainder of the Chapter we will fix the sequence n k ■= 2 2 and let d k and v k ^ be defined 
accordingly as in (|5. 1 1|) . Note that this choice of n k satisfies the conditions in Proposition 15. 1 .41 for 
any 5 < 1 since n k = n\_ x . Our first goal in this section is to prove the following theorem, which 
when applied to Proposition 15. 1 .41 proves Theorem 1 5. 1.1 1 

Theorem 5.3.1. Assume s < 2. Then for any r\ G (0,1), P — a.s. there exists a subsequence 
n km — n km (cj, ij) of n k = 2 2 such that for a m , (3 m and 7 m defined by 

a m ■= rik m -i, Pm ■= nk m -i + \j)dk m \ , and j m := n km (5.33) 

and any sequence x m G ( l/ /3 m T 1/ 'y m ] we have 

(rf( d k m ) _ p rf(d km ) \ 
" Xm <x)= $(x). 
y/V km .uj I 
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The proof of Theorem 1 5. 3. II is similar to the proof of Theorem l4.5.10l The key is to find a random 
subsequence where none of the variances crf dk u with i £ (nk m -i,nk m ] is larger than a fraction 
of Vkm,w To this end, let #(/) denote the cardinality of the set /, and for any 77 € (0, 1) and any 
positive integer a < n/2 define the events 

<W:= (J (n{^ e ^ /S ' 2 " 2/S )} (1 {^<n 2/s }\. 
Zcp.,1771] \iel je[i,nn]\i I 

#(/)=2a 

and 

U v , n :=\ £ <n,«<2n 2 /* 

I z£ (r]Ti,n] 

On the event <S^,n,aj 2a of the first rjn crossings times from fi—i to V\ have roughly the same size 
variance and the rest are all smaller. Define 

a h := UoglogfeJ VI. (5.34) 

Then, we have the following Lemma: 

Lemma 5.3.2. Assume s < 2. Then for any r\ £ (0, 1), we have Q (S v .d k ,a k H U v .d k ) > r /or aZ/ fc 
Zarge enough. 

Proof. First we reduce the problem to getting a lower bound on Q(S v ,d k ,a k )- Define 



2/s 



i£ (r/n+b^ ,n] 



Note that 5^ jrlj0 and f/^ )n are independent events since U v ^ n only depends on the environment to 
the right of the . Thus, 

Q (S n .n,a U„, n ) > Q (S Vtnia L>„,„) - Q °i,n^ > ^ 

yiG(T7n,r)n+f)„] / 

(2/ 
Var^ > IL. 



Now, Theorem [5X3] gives that Q (t7 n ,«J > Q (Var u T Vn < n 2 / s ) = L|, b (l) + o(l), and Theorem 
15X51 gives that 6„Q (yar w Ti n) > ^) - jK' 00 &i+ a 7i- 1 . Thus, 



Q (S v ,d k ,a k n E/^J > Q(S v , dk , ah )(Ls b (l) + o(l)) - 0(6j+ s dfc x ), as k 
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and so to prove the lemma it is enough to show that lim/^oo k Q(S, h d k ,a k ) = oo. A lower bound for 
Q(S v ,n,a) was derived in the argument preceeding Lemma 14.5.71 in Chapter 01 A similar argument 
gives that for any e < ^ there exists a constant C e > such that 



n 2 ' 8 ) -ao{n- 1+2e ) 



W"' ^ (5.35) 



(2a)! 

where asymptotics of the form o(- ) in (|5.35p are uniform in r\ and a as n — > oo. The proof of (|5.35p 
is exactly the same as in Chapter 2] with the exception that Q (f]j 5 [i „] {/^n.w < « 2 / s }^ in (|4.70[) 
is bounded below by Q fe"=i (E^T^) 2 < n 2 / s ) instead of Q {EJT Vri < n 1 ' 3 ). Then, replacing n 
and a in (|5 . 35[) by d/c and respectively, we have for e < ^ that 

Q (S v ,d k ,a k ) 



\2a fc 



(r]d k ) 

-afe 



(2a fc )! 



(l + (l))(i fj6 (l)- (l))- ^J. (5.36) 

The last equality is a result of Theorem 15.1.31 and the definitions of a k and d k in (|5.34[) and (|5.1ip . 
Also, since a k ~ log log k we have that lim^oo k ^ 2a , k )\ = 00 ^ or an y constant C > 0. Therefore, 
(|5.36[) implies that liim-^oo kQ {S Vt d k .a k ) — oo. □ 

Corollary 5.3.3. Assume s < 2. Then for any r\ G (0, 1), P-a.s. there exists a random subsequence 
nk m = nk m (w,ri) of n k — 2 2 such that for the sequences a m ,(3 m , and j m defined as in (15.33)) we 
have that for all m 

0m In 



. max ^ Am , w <2dt / j<— vld km ,u» and a td km ,u < 2d l f ^- ( 5 - 37 ) 

Proof. Define the sequence of events 



4 := u ( n e [4 /s : 24 /s )} n < 4 /s 

IC(n k -i,nk-i+r]dk\ je(n k _ 1 ,n k _ 1 +7jd k ]\I 



#(/)=2o* 

and 



iG(n fc _i+?7(ifc,nfc] 
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Note that due to the reflections of the random walk, the event S' k (1 U' k depends on the environment 
between ladder locations n k _i — bd k and n k . Thus, since n k _i — bd k > n k _2 for all k > 4, we have 
that {S' 2k n ^2fe}fc2 i s an independent sequence of events. Similarly, for k large enough S' k D U' k does 
not depend on the environment to left of the origin. Thus 

p(s' k n u' k ) = Q{s' k nu' k ) = Q (S v4k , ak n u v , dk ) 

for all k large enough. Lemma f5 . 3 . 21 then gives that 2fcLi ^(^2k ^ ^2fc) = 00 j anc ^ the Borel-Cantelli 
Lemma then implies that infinitely many of the events S' 2k H E/^fc occur P — a.s. Therefore, P — a.s. 
there exists a subsequence k m — k m (uj, rf) such that S' k n ?7j(. occurs for each m. Finally, note that 
the event SL nU' k implies ([537) . □ 



Proof o/ Theorem \5.3.1\: 

First, recall that Corollary |4.5.6l gives that there exists an rf > such that 



Q 



2 - u 2 i 

i.m.uj r"t,m.uj J 



> Sn 2/s ] = o(n- ? '') V<5 > 0, Vm G N. 



(5.38) 



This can be applied along with the Borel-Cantelli Lemma to prove that 

rik-l + lvdki 



( a ld k ,u - = o (d 2 k /s j , P - a.s. 



(5.39) 



i=nfc_i + l 



Thus, P — a.s. we may assume that (|5.39l) holds and that there exists a subsequence n^ m — rik m (uj, rf) 
such that condition (I5.37[) in Corollarv l5.3.3l holds. Then, it is enough to prove that 



lim P u 



T, 



< 



and 



lim P 

m — >oo 



Ti 



(<4 



p"/J m rp{dk m ) 



> e = 0, Ve > 0. 



(5.40) 



(5.41) 



To prove (|5.4ip . note that by Chebychev's inequality 



P 



rp(dk m ) Tp V m rp{dk m ) 



T 



(dk m ) 



> e < 



< 



£ Vk m ,u 



V 7m rr 2 
l^i=p m +l u i,d kll 



However, by (|5.39p and our choice of the subsequence nk m we have that Y^l=p m +i a id k u> < ^fe„ j 
and Ufcm , w > £f" Qm+1 «U„, = Ef= Qm+ i ^, dfcm ,„ + o (d%°) > a fem d 2 ^ + o (d% s ) . Thus 



lim 

m — >oo 



E7m 
i— 



i=/3 m +l u i,d km ,u) 
"fcm,0) 



(5.42) 
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which proves (|5.41[) . To prove (|5.40[) . it is enough to show that the Lindberg- Feller condition is 
satisfied. That is we need to show 



lim y 



1. 



and 



lim — 



(5.43) 



= 0, Ve > 0. (5.44) 



To show (j5.43[) note that the definition of ffc m , w and our choice of the subsequence n^ m give that 

where the last equality is from (|5.42| . To prove l|5.44jl . first note that an application of Lemma f4. 5. 51 
gives that for any e' > 



"A- — 1 + Ll?<ifc J 



where Mj is defined as in (|5.f 7|l . Then, since Vk m ^ > CLk m d%/ s + o (d 2 f/ s ^j we can reduce the sum ii 



(|5.44[) to blocks where Mi > d 



(l-e')/s 



That is, it is enough to prove that for some e' > and every 



e > 



lim 



(<**m) 



i— a m + l 



(5.45) 



To get an upper bound for (|5.45p , first note that our choice of the subsequence nk m gives that for 
m large enough v km ,^>\ Y,f=a m +i $,d km ,u ^ Ha^MM*™ ,u for any i e (a m , m ] . Thus, for m large 
enough we can replace the indicators inside the expectations in (|5.45[) by the indicators of the events 
/ j^fcm) > (i + sy/ ak m /^)Hi.d km ,0)1- Thus, for m large enough and i € (a m ,^ m ], we have 



(fi. 



< K. 



P; 



'i-l ( rp(_d, 



>xfi il d krnjU )2(x-l)nl d u dx. 
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We want to get an upper bound on the probabilities inside the integral. If e' < ^ we can use Lemma 
14.5.91 to get that for k large enough, E^^ 1 (r^ k ^ < 2 J j'!/x| dfc u for all n^-i < i < such that 
Mi > d^~ £ Multiplying by {^^i.d k .u))~^ and summing over j gives that Eu~ 1 e^"i k /( 4 Mi,d fe ,^) < 2. 
Therefore, Chebychev's inequality gives 

Thus, for all m large enough we have for all a rn < i < j3 m < rik m with M{ > 6 that 

fif"™ 5 > xiM, dhmtU ) 2(x - l) M 2 dfe >ul dx < ni dk _„ / 4(z - l) e ^/ 4 da; 

Therefore we have that as m — > oo, (|5.45|1 is bounded above by 

,° ( e " Q ^) STT f £ • (5 - 46) 



lim 

m ■ \z— a m + l 

However, since 

/3 m / 



5^ ^Mfe™ >w — W? 9 f £ CT ^<ifc„, ,o) + ( 



< 1 



2a^dj£+o(dj£)' 



we have that (|5.46|) tends to zero as m — * oo. This finishes the proof of (|5.44[) and thus of Theorem 
I5XT1 □ 

Proof of Theorem \5.1.1V 

Choose T) € (0, 1) such that r\ < 4 where v — Epv, and then choose n& m as in Theorem 15.3. II Then 
for (3 m and 7 m defined as in (|5.33[) . we have that (|5 . 1 5[) and the fact that dk ~ nk give 

lim = r\v < 1 < f = lim — — . 

m— >oo Tlk rn^oo Tlk m 

Thus x m ~ nj. m =>■ a; m £ [f/3 m , f 7m ] for all m large enough. Therefore, the conditions of Proposition 
15. 1.41 are satisfied with F(x) = <fr(x). □ 
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5.4 Quenched Exponential Limits 
5.4.1 Analysis of T v when M\ is Large 

The goal of this subsection is to analyze the quenched distribution of T„ on "large" blocks (i.e. 
when Mi > nA 1_e " s ). We want to show that conditioned on M\ being large, f^/E^f^ is ap- 
proximately exponentially distributed. We do this by showing that the quenched Laplace transform 
E w exp |— A ^j(„ } | is approximately on such blocks. 

As was done in [ESZ08J, we analyze the quenched Laplace transform of T^ by decomposing 
T„ into a series of excursions away from 0. An excursion is a "failure" if the random walk returns 
to zero before hitting v (i.e. if T v > T + := minjfc > : Xk = 0}), and a "success" if the random 
walk reaches v before returning to zero (note that classifying an excursion as a failure/sucess is 
independent of any modifications to the environment left of zero since if the random walk ventures 
to the left at all, it must be in a failure excursion). Define p u := P U ^T V < Tq), and let N be a 
geometric random variable with parameter p^ (i.e. P(N = k) = p w (l — Pu) k for k £ N). Also, 
let {F i }°^ 1 be an i.i.d. sequence (also independent of N) with Fx having the same distribution as 
Tv™^ conditioned on jT^™' > T^ j, and let S be a random variable with the same distribution as T v 
conditioned on \T V < Tg~} and independent of everything else (note that for sucess excursions we 
can ignore added reflections to the left of zero). Thus, we have that 

N 

f W S + F i (quenched) . (5.47) 

2 = 1 

In a slight abuse of notation we will still use P u for the probabilities of F{ , S, and N to emphasize 
that their distributions are dependent on to. The following results are easy to verify: 

E U N = l—E^L and Ejf^ = E^S + {E U N){E UJ F 1 ), (5.48) 

Puj 

VarJTjri = (E^N^Var^) + (E u F) 2 (Var u N) + Var^S 

= (E U N)(E U F 2 ) + (E u F) 2 (Var u N - E^N) + Var^S 

= {E U N)(E U F 2 ) + (E U F) 2 (E UJ N) 2 + Var^S, (5.49) 



and 



TP - AT ,'™ ) — TP - as p 



{E u e-^) N 



E^e- xs - ^— _ VA>0. 
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Also, since e x > 1 — x for any i£lwe have for any A > that 

> (1 - XE U S) —, £ = \- XE f , > 1 ~ XE " S 



1 - (1 - Pul ) (1 - XEujFi) 1 + X(E u N)(E u Fi) ~ 1 + X E u fj> n) ' 

where the first equality and the last inequality are from the formulas for E^N and Ejf^ given in 
(|5.48[) . Similarly since e~ x < 1 — x + ^- for all x > we have that for any A > that 



1 - (1 - p u ) (1 - XE u Fx + %E U F?) 
1 

1 + A(S UJ 7V)(^F 1 ) - ^EMEuF?) 

1 



< 



1 + X(E u N)(E u) Fi) - f(Var^ n > - {E^NfiE^f - Var^S) 

1 



1 + X(E U T^ ] - E^S) - ^-{Var^ - (E^ n) - E u Sf 



where the first equality and last inequality are from (|5.48|) and the second equality is from (|5.49[) . 
Therefore, replacing A by A/ \EJTv) we get 

^^(l-A^)^. ,5.50) 



and 



-A T " . . 



1 + A - A — — ( Var " T »" ) - (EyT^-EyS)'* 



< " 7 =7Sj 7- ( 5 - 51 ) 

1 + A - (A + A 2 )-^ - M f v^r "' _ A 



' - ( n ) 1 

Therefore, we have reduced the problem of showing E u e E ^ T " s» j-pj when Mi is large to showing 
that E E ^f n) ~ and ^"^S^ ~ ^ wnen -^l is large. In order to analyze E U S, we define a modified 
environment which is essentially the environment the random walker "sees" once it is told that it 
reaches v before returning to zero. A simple computation similar to the one in |Zei04| Remark 2 
on pages 222-223] gives that the random walk conditioned to reach v before returning to zero is a 
homogeneous markov chain with transition probabilities given by tD, := P^(X\ = i + 1\T U < Tq~). 
Then the definition of aXj gives that u)q — u)\ — 1, and for i S [2,u) we have cDj = 'p^(T <t ) • 
Using the hitting time formulas in [Zei04. (2.1.4)] we have 

UiRo 



Uj, 



Vie [2,j/), where R 0}i := ^ n °J- ( 5 - 52 ) 
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Let pi :— and define Hi,j, and Wij analogously to Iljj and Wij using pi in place of pi. Then 
the above formulas for u>^ give that p = pi = and pi = pi R< ^ 2 Vt G [2, ^). Thus, 

II, f 11,/t' '■ V2<i<j<i/. (5.53) 

-Koj-l-n-Oj 

Note that since i?o,z < -Roj for any < i < j we have from (|5.53[) that 

n*,i < Iljj for any < i < j < v (5.54) 

Now, since = E Q T V we get from (l5~T6)) that S w 5 = i/ + 2 ^2 Waj = v + 2 J^I* EL2 5hj- 
Therefore, letting Mi := max{rLj : < i < j < z^} we get the bound 

£ W S < j/ + 2i/ 2 Mi. (5.55) 

Thus, we need to get bounds on the tail of Mi. To this end, recall the definition of Ml in (I5.17P 
and define r := maxjfc G [1, v\ : IIo,A;-i = Mi}. Then, define 

M~ := mm{Uij : < i < j < r} A 1, and M+ := max-tll^ : r < i < j < v) V 1 . (5.56) 

Lemma 5.4.1. For any e,5 > we have 

P(M- < nT B ,Mi > ti (1 - £)/s ) = o(n- 1+£ - Ss+£ '), Me' > 0, (5.57) 

and 

P(M+ > n s ,M x > n (1_s) / s ) = o( n - 1+e - Ss+e '), Ve' > 0, (5.58) 
Proof. Since rio. r _i = Mi by definition we have 

P(M- < n~ 5 ,M 1 > n {1 - e)/s ) < P (30 < i < j < r - 1 : U u < n~ 5 , n , r _i > n (1 ~ e)/s ) 

<P(T>b n )+ J2 P(^ 3 <n- 5 , n , fc > n^/ 5 ) 

0<i<j<k<b n 

<P(v>b n )+ Y, P (no,i-in J+ i, fc > n^' s+s ) . (5.59) 

0<i<j<k<b n 

Since (|5.14|) gives that P{y > b n ) < C\e~ c ^ hn we need only handle the second term in (|5.59|) to 
prove (|5.57[) . However, Chebychev's inequality and the fact that P is a product measure give that 

P (ll, ., , i i > ^ 1 - £) < /s +' 5 ) < n- l+e - 5s {E P p 8 ) i+k -i = n- 1+e ~ Ss . 
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Since the number of terms in the sum in (|5.59[) is at most (b n ) 3 = o(n e ) we have proved (|5.57[) . The 
proof of (|5.58[) is similar: 



P(M+ > n\ Mi > n {1 - £)/s ) < P (3t < i < j < v : > n 6 , n , T _i > n 



(l~e)/s 



< P{v > b n ) + Yl P ( n o,fen 4J > n^/ s+s 

0<k<i<j<b n 



< C ie - C2b " + {b n fn 



= o(n- 1+e - Ss+s ') 



□ 



Corollary 5.4.2. For any e,5 > we have 

P (E U S > n 5S , Mi > n^-'^l^ = o{n- 1+£ - Ss+s '), Ve' > 0. 



Proof. Recall that ([535]) gives E U S < v + 2v 2 M l . We will use M~ and M + to get bounds on M x . 
First, note that for any i € [0,r) we have 

i i— 1 



Rq.i — n ,fe — n ,i + < n ,. 



. M 

k=0 k=Q 

Note also that i?o,j > n 0j holds for any j > 0. Thus, for any 2 < i < j < r we have 



— Rfl ^—2-^0 i—1 t 1 

= 5 5 — 



M~ 



n n ,_ 2 n 



0,i-2 J - 1 -0.i-l 



Iloj-inoj VM-y Hi-ij-i " (M 



l ?: 2 

< 



Also, from (|5.54[) we have that IL, 3 - < IL, j < M + for r < i < j < v. Therefore we have that 
Ml < "1^.^ (note that here we used that M~ < 1 and M+ > 1). Thus, 



P(E U S> n 55 , M\ > nt 1 -^ 5 ) < P 



{M-f 

An easy argument using (|5.14p and Lemma [5.4.11 finishes the proof. 
Lemma 5.4.3. For any e,8 > we have 



□ 



Q 



VarJTi 



(■«) 



- 1 



> n-\ Mi > n* 1 "^* - o(n- 2 + 2£ + 5s+£ '), Ve' > 



Proof. Recall that from (|4.61[) we have that there exist explicit non- negative random variables D + (u) 
and D~ (lo) such that 
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where Rq^-\ is defined as in (15.52| . Therefore, since EM n) > Mi, we have 



VarJTy 



(n) 



> n _ *,Mi > n {l - e)/s 



(5.60) 



However, Lemma [4.5.21 and Corollary 14.5.41 give respectively that Q(D + {lo) > x) = o(x~ s+£ ) and 
Q (i?o,i/-i-D~ (w) > x) = o(x~ s+E ) for any e" > 0. Therefore, both terms in (|5.60p are of order 
o ^ n - 2 + 2 e+' 5s +e"(( 2 - 2 E)/ s -' 5 )^ . The lemma then follows since e" > is arbitrary. □ 



For any i, define the scaled quenched Laplace transforms 4>i^ n {\) := EJ 1 exp < —A 



Lemma 5.4.4. Let e < h, and define e' := - > 0. Then 



Q 3A > :</»!,„ (A) 



1 - \n- e ' s 



1 + A ' l + A - (A + ^) n-*l 
Proof. Recall from (|5750j) and ([5750]) that 

E,S \ 1 I 



V X E u fi n) ) 1 + A 
for all A > 0. Therefore 
Q ^3A > : ^, n (A) £ 



< 0i,„(A) < 



1 + A-(A + A 2 )-^ 



- 1 



1 - An~ £ / S 



1 + A ' 1 + A- (A + 3A 2 /2)n- £ / s 



, Mi > r^ 1 "^ 8 



< Q 



(n) 



Now, since -E^Tj) ' > Mi we have 



>n~ e ' s , M 1 >n^ 1 - e ^ s \+Q 



(«) 



Var u Ty 



- 1 > n~ £ / s , Mi > n^~ e ^ s 



Q ( J^L > Mi > n^"^ 8 ) < Q (tf^S > n^ 2 ^ 5 , Mi > n^^ 5 ) = o (n^ 6 - 8 ^ 5 ) 

where the last equality is from Corollarv l5.4.2l Also, by Lemma f5. 4. 31 we have 



Q 



Varjn 



(<0 



- 1 > n 



-e/s 



Mi > n 



v (£^ n) ) 2 

Then, since — 2 + 4e < ~ 6 ^" 8g when e < | the lemma is proved 
Corollary 5.4.5. Let e < g. TTien P — a.s., /or anj/ sequence ik = ik{^) such that £ (nk-i,nk 

, , r ,(l-e)/s 

an 



□ 



M ik > d^ 1 e ^ s we have 



lim ^.djA) = — — 

/c— »oo 1 A 



VA > 0, 



(5.61) 
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id thus 



lim P^- 1 (tW > xp ik4h ,^\ = *(a;), Vx e R. 



(5.62) 



Proof. For i G (rife_i,nfc] and all k large enough ^>i,d fe (A) only depends on the environment to the 
right of zero, and thus has the same distribution under P and Q. Therefore, Lemma 15.4.41 gives that 
there exists an e' > such that 

-s/s 



P [3i G (n k - U n k ],X> : <fc, dfc (A) 



1 - Xd 



1 



1 + A 'i + A -(A + ^)dr /s 



, M 4 > d^~ £),s 



<d k Q\3\ -():<>,.,,, (A) 
= o[dT 



1 - Ad 



1 + A 'l + A-fA+^Wr^ 



Since this last term is summable in k, the Borel-Cantelli Lemma gives that P — a.s. there exists a 
fco = ko(u>) such that for all k > kg we have 



i G (nfc-i,nfe] and Mi > d^. 1 =*> (pi,d k (X) G 



l- Ad; 



i 



l + A l + A-(A+^)d- 



VA > 0, 



which proves (|5.6ip . Then, (|5.62[) follows immediately because is the Laplace transform of an 



exponential disribution. 



□ 



5.4.2 Quenched Exponential Limits Along a Subsequence 

In the previous subsection we showed that the time to cross a single large block is approximately 
exponential. In this section we show that there are subsequences in the environment where the 
crossing time of a single block dominates the crossing times of all the other blocks. In this case the 
crossing time of all the blocks is approximately exponentially distributed. Recall the definition of 
Mi in (|5.17p . For any integer n > 1, and constants C > 1 and r] > 0, define the event 



V n ,c, v ~ <3«G [Mn] :M?>C a . 



2 



Lemma 5.4.6. Assume s < 2. Then for any C > 1 and 77 > we have liminfn^oo Q (T> n ,C,ri) > 0. 
Proof. First, note that since af nuJ > Mf and C > 1 we have 



2 



(5.63) 



j:i^j<n 
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Thus, we want to get a lower bound on Q (Mf > C52j-i^j<n a j,n,uj ^ na ^ ^ s un if° rm in i- The 
following formula for the quenched variance can be deduced from (|5. 16[) by setting p v _ b = 0: 

If — 1 V — 1 j 

l i j 

j— j—0 i—i/-b n -\-l 

< 4^(^_ 6n+1J + W*_ iB+lli ) + 8 £ W^+ij £ (1 + W^+i, 

3=0 \j=0 J \i=v- bn +l 

where the first inequality is because W v _ b +i t j — Wi+ij + Hi+i.jWi,_ b Next, note that if 

v k—\ < 3 < ^fc f° r some k > — b n , then 

where the last inequality is because, under Q, IIz ; ix fc _ 1 — i < 1 for all Z < Therefore, 
Var u T^ < Av x {{v x - v_ hrl )M x + {v x - v^fMf) 

+ 8 {y x {v\ - i/_6 n )Mi) [vi - V-b n ) + ^ (v k ~ Vk-i)(vk - v-b n )M k 



< [v x - v_ hri f (l2M 1 + 4M? + 8Mi ^ M M 
\ k=-b n +l ) 



Similarly, we have that a 2 j n uJ < (i/j - Vj-i- bn ) A f 12Mj + 4M? + 8Mj J2i=j-b n M k) Q - a - s - for 
any j. Now, define the events 

F n := f| {vj-vj-xKK}, and G v „. £ := f| [jMj < n (1 " e)/s } (5.64) 

iS(-6n,n] je[i-b„,-t+6„]\{i} 

Then, on the event F„ n Gi,„, e n {Mi < 2n 1 / s ) we have for j € (i, i + 6 n ] that 

^ 2 ,n," < &i(6n + I) 4 (12^-^ + 4n< 2 - 2£ )/ s + 8n^-^ s (b n n^/ s + 2n 1 / s )) 
< 6f l (6„ + l) 4 {l2n^' s + 12n< 2 - 2£ )/ s + 16n( 2 - e >/ s ) < 806^ 2 -^ s , 
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where the last inequality holds for all n large enough. Therefore, for all n large enough 

q[m*>c 

\ j--ijij<n 

> Q An 2 I s >M 2 >C ]T al niU , F n , G iti 

> Q I An 2 ' s >M 2 >cl Yl + 80fcn« (2 " e)/s ) . F n , G t 

\ \j6[l,T.]\[t,<+6 n ] / 

> Q (Mi G [n^ s ,2n^ s ], v t - Vi-x < &„) 

x Q ( Y, °SM + m9 n ni2 ~ e)/S Fn, GW 1 ■ 

\i6[l,n]\[i,i+6»] 

where F„ := .F n \{i/j — Vi-i < & n }- Note that in the last inequality we used that er? w is independent 
of Mi for j ^ [i, i + &«]• Also, note that we can replace F n by F n in the last line above because it 
will only make the probability smaller. Then, since n]\U i+b n ] °j,n,ui — V ar uT Un we have 



Q\M 2 >C °~. 



2 



> Q (Mi G [n 1/s ,2n 1/s ], v < b n ) Q (Var w T Vn < n 2 '*^ 1 - A0b 7 n n^ 2 - £ ^ s , F n , G i>n , E ) 

> (Q(Mi G [n 1 / 8 , 2n 1 / s ]) - Q(i/ > &„)) 

x (Q (VWT^ < n*l'{C- x - 406>" £ / s )) - Q(F^) - Q(G^j) 

~C 3 (l-2- s )-L f . 6 (C- 1 ), (5.65) 
n 2 

where the asymptotics in the last line are from (|5. 14[) . (|5.18[) . and Theorem 15. 1 . 31 as well as the fact 
that Q(F%) + Q{G c i n J < (n + b n )Q(v > b n ) + 2b n Q(M 1 > nW') = O (ne^ 6 -) + o(n- 1+2s ) 
due to (|5T4"]) and 1(535]) . Combining ([5T55D and hnishes the proof. □ 

Corollary 5.4.7. Assume s < 2. Then for any r\ G (0, 1), P — a.s. there exists a subsequence 
n k m — n k m {u,v) °f n k = 2 2 such that for ot m , f3 m , and 7 TO defined as in (|5.33[) we have that 

3i m = i m (u,rj) G (aim, Pm] ■ M? m > m °f,d* m ,w • (5.66) 

je(a m ,7 m ]\{i m } 

Proof. Define the events 

v 'k,c„ :== S 3i G (n fe _i,n fe _i + 77rf fc ] : M? > C ^ °f,d fc ,u 

I ie(n fc _i,Ti fc ]\{i} 
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Note that since Q is invariant under shifts of the Ui, Q(T>' kc ) = Q(T>d k ,c,n)- Also, due to the 
reflections of the random walk the event D' k c only depends on the environment between v nk ^i-b dk 
and v nk . Thus, for k large enough T> k c only depends on the environment to the right of zero 
and therefore P{V' kCn ) = Q(D kjC ,r,) = Q(^d k ,C,r,)- Therefore liminf fe _ 00 P(V k c „) > 0. Also, 
since nu—i — bd k > nfc-2 for all k > 4, we have that {T)' 2k c ^^=2 1S an independent sequence of 
events. Thus, we get that for any C > 1 and n € (0, 1), infinitely many of the events 'Dk,C,ri occur 
P — a.s. Therefore, P — a.s. there is a subsequence k m — k m (u>) such that to € T>k m ,m,r) for all m. In 
particular, for this subsequence k m we have that (pT66)) holds. □ 

Theorem 5.4.8. Assume s < 2. Then for any r\ 6 (0, 1), P — a.s. there exists a subsequence 
n k m = n k m (^,i]) °f n k = 2 2 such that for a m ,f3 m and 7 TO defined as in (I5.33P and any sequence 
e { v p m i v iJ\ we have 

=2= " Xm <x)=*(x + l), VxeR. 

Proof. First, note that 

P( max M j <dt s)/S ) = (l-P(M 1 > d t eyS )Y k =o(e-^), 
where the last equality is due to (|5.18[) . Therefore, the Borel-Cantelli Lemma gives that, P ~ a.s., 

max Mj > cfu £ ^ s for all k large enough. (5.67) 

j£(n k -i,n k ] 

Therefore, P — a.s. we may assume that (|5.67[) holds, the conclusion of Corollary 15.4.51 holds, and 
that there exist subsequences nk m — nk m (u),r]) and i m — i m {uj,rf) as specified in Corollary 15.4.71 
Then, by the choice of our subsequence nk m , only the crossing of the largest block (i.e. from Vi m —i 
to Vi m ) is relevant in the limiting distribution. Indeed, 



> e 



(rf( d k m ) _ rf(dk m )\ _ 9 2 

V Xm " am J i™,d hm ,u l^je( am , lm }\{i m } iA km ^ , 1 



Va ru] T^ 

where in the second to last inequality we used that Vk m , u > o~\ dk w > Mf m , and the last inequality 
is due to our choice of the sequence i m . Thus we have reduced the proof of the Theorem to showing 
that 

/ rf,(d km ) \ 

■11. _ / J. n- Uba rl , /,! I 
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Now, since i m is chosen so that Mi m = max je („ fc -i,n k ] Mj, we have that Mj m > d!^ £ ^ s for any 
e > and all m large enough. Then, the conclusion of Corollarv l5.4.5l gives that 



lim P u 



T, 



(d k „ 



™-*°° \fH m ,d km ^> 
Thus, the proof will be complete if we can show 

However, by our choice of rik m and i m we have 

<rt, dkm ^>Ml>m J2 = 
which implies that 



< x = ^(x). 



m[v km , u - d 



j€{a m ,j m ]\{i rn } 



1 < 



Vk„ 



< 



m + 1 



1. 



i m ,d krn ,u) 

Also, we can use Lemma \5. 4. 31 to show that for k large enough and e > 



P \ 3i G (rifc_i,nfc] 



ii 2 



(d k ) 



- 1 



>dr /s , Mi>d^- £)/s 



771 rp(dk_ 



>d~ E/s : M x >d[ l - s)/s 



(5.69) 



(5.70) 



Then, for £ < j the Borel-Cantelli Lemma gives that P — a.s. there exists a ko — fco(w) such that 
for k > kg and i € (nfc_i,rifc] with Mj > di 1 e ^ s we have 

-Mj m > d k X £ ^ s for all m large enough, we have that 



< d k e ^ s . In particular, since 



lim 



= 1. 



Since (|5.70|) and (|5.7ip imply (|5.69[) . the proof is complete. 
Proof of Theorem \5.1.2c 

As in the proof of Theorem 15.1.11 this follows from Proposition 15.1.41 



(5.71) 
□ 

□ 



5.5 Stable Behavior of the Quenched Variance 

Recall from Theorem 15.1.51 that Q (Var^T^ > x) ~ K oa x^ s l 2 . Since the sequence of random vari- 
ables {Var UJ (Tv i — T I/< _ 1 )} N is stationary under Q (and weakly dependent) it is somewhat natural 
to expect that n~ 2 ' s Var u T Un converges in distribution (under Q) to a stable law of index | < 1. 
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Proof of Theorem \5.1.3k 

Obviously it is enough to prove that the second equality in (|5.9[) holds and that 

lim Q I Var„T Vn - Y{E^T Vt ) 2 > Sn 2 / S ) =0, V<5 > 0. (5.72) 

V i=i / 

However, (|5.T2|) is the statement of Corollary 14.5.61 with m — oo. Thus it is enough to prove the 
second equality in (|5.9p . To this end, first note that 



1 1 i 2 \ 

^7jE(^- ir -) 2 = ^7lE [(K^T.f - (e^T^) (5.73) 

i— 1 i—1 ^ ' 

1 n 2 

+ ^ E !«,<„.-./. (5.74) 

i=l 

+ ^7lE(^ 1 ^r ) ) l M< >™a-.)/.- (5-75) 

i— 1 

Therefore, it is enough to show that (|5.T3|) and (15. 74[) converge to in distribution (under Q) and 
that 

for some b > 0. To prove that (|5.73[) converges to in distribution, first note that factoring gives 

{E^T Vi f - (i^-ifW) 2 < 2E2-*T Vt (E^T Ui - ^-'f)) . 
Therefore, for any 5 > 

q (e (w- 1 ^) 2 - (^ < - i ^ir ) ) 2 ) > <^ 2/s ) 

< Q [E v J-^T Vi - E^f^) > 6n 2 /^j 

< nQ (e u T v - Ejrjp >lj+Q (2E u T Vn > <5n 2/s ) . (5.77) 

Then, Lemma [4.3.21 and Theorem 14 . 1 . 1 1 give that both terms in (|5.77|) tend to zero as n — * oo. The 
proof that (|5.74p converges in distribution to is essentially a counting argument. Since the Mi are all 
independent and from (15. 18[) we know the asymptotics of Q(Mi > x), we can get good bounds on the 
number of i < n with M t € (n a , n% Then, since by (jlT5)) we have Q (E^f^f > n ,Mi < n") = 
o ^e _n</3 ]l ^ we can also get good bounds on the number of i < n with E V J~ 1 T^ G (n a , n 13 ]. The 
details of this argument are essentially the same as the proof of Lemma 14.5.51 and will thus be 
ommitted. Finally, we will use |Kob95[ Theorem 5.1(111)] to prove (|5.76[) . Now, Theorem 15.1.51 
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gives that Q l(E u T„) l Ml>n( i- e )/ s > 



,2/, 



KoqX s / 2 n 1 , and Lemma [4.3.41 gives bounds on 



the mixing of the array I (E^' X T V \ 2 lj(. >n (i-e)/. \ ■ This is enough to verify the first two 



conditions of [Kob95, Theorem 5.1(111)]. The final condition that needs to be verified is 



lim lim sup uEq 

S >0 7). — irv-j 



= 0. 



i 2/ "(E UJ T^ n >) 2 l Mi>n (i- e )/ s l n _ 1/sE ^M^ s 
By Theorem 15 . 1 . 5 1 we have that there exists a constant C4 > such that for any x > 0, 

Q (EjrW > xn 1 ' s ,M l > n {1 - E) l s ^j < Q (e u T u > in 1 / 8 ) < C 4 x~ s ^. 
Then using this we have 



nE Q 



f Q ([e u T^ 2 > xn 2 l\M x > n (1 " e ^ dx 



< C 4 



- s ' 2 dx 



Ca8 2 ~ s 



(5.78) 



1 - s/2 ' 

where the last integral is finite since s < 2. (|5.78|) follows, and therefore by |Kob95[ Theorem 
5.1(111)] we have that (pTTuT) holds. □ 

Acknowledgments. I would like to thank Olivier Zindy for his helpful comments regarding the 
analysis of the quenched Laplace transform of T„ in Section 15.4.11 



Chapter 6 

Large Deviations for RWRE on Z 



We now turn to some results for multidimensional RWRE. Unless otherwise mentioned, we will 
consider only nearest neighbor RWRE with i.i.d. and uniformly elliptic environments. Section IBTTl is 
a review some of the basic results, notation, and open problems for multidimensional RWRE. Section 
16.21 is a survey of the large deviation results that are known for multidimensional RWRE. The main 
results of the chapter are contained in Section [6.31 where we prove a new result on differentiability 
properties of the annealed rate function when the law on environments is "non-nestling." 

6.1 Preliminaries of Multi-dimensional RWRE 

While RWRE on Z are quite well understood, much less is known about RWRE on Z d . In particular, 
even in the case of i.i.d., uniformly elliptic environments with d > 3, the 0-1 law for transience in 
a given direction is still an open problem. Let S^ -1 := {£ G R d : ||£|| = 1}, and for any £ G S 1 
let At := {lim ?w o X n ■ i = +00} be the event of transience in the direction t. For uniformly elliptic 
environments satisfying certain strong mixing conditions (in particular, for uniformly elliptic, i.i.d. 
environments), it is known [Zei04j that F(Ae U A-t) £ {0, 1}. This prompts the following question: 

Question 6.1.1 (0-1 Law). Is it true that ¥(A e ) G {0, 1}? 

If the answer to Question 16.1.11 is affirmative (or negative), then we say that the 0-1 law holds 
(or fails). For i.i.d., uniformly elliptic laws on environments, the 0-1 law holds when d — 2 ZM01 , 
but Question l6.1.1l is still an open problem when d > 3. Question l6.1.1l is also still an open problem 
when d = 2 and the environment is i.i.d. but not uniformly elliptic. When d = 2 there are examples 
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of ergodic, elliptic laws on environments for which the 0-1 law fails |ZM01| . and when d > 3 there 
are examples of mixing, uniformly elliptic laws on environments for which the 0-1 law fails [BZZ06 . 

In general, it is not known if a law of large numbers exists (i.e., if lin^^oo ^ is constant, 
P — a.s.). However, for i.i.d., uniformly elliptic laws on environments, it is known that there are at 
most two limiting speeds of the random walk |Zei04[ [Zer02] . That is, there exists an I £ S ,d ~ 1 such 
that 

v 

lim — = v + l A + v-1a_,, P— a.s., (6.1) 

n— >oo TL 

where v+ = c\£ and V- — — C2^ for some c%,C2 > 0. (A recent result of Berger |Ber08j shows that 
when d > 5, u_ and v + cannot both be non-zero.) Thus, if it can be shown that a 0-1 law holds, 
then (|6.ip would imply a law of large numbers. If ]hxi n ^ 00 —r- is constant, P — a.s., then we will 
denote the limit by vp. 

There are known conditions for laws on environments that imply a law of large numbers for the 
RWRE. Recall the following terminology originally introduced by Zerner |Zer98j : 

Definition 6.1.2. Let d(ui) := E u Xi be the drift at the origin in the environment ui, and let 
K, := conv {supp (d(uj))) be the convex hull of the support, under P, of all possible drifts. Then, we 
say that the law on environments P is nestling if S K, and non-nestling if ^ K,. We say that P 
is non-nestling in direction £ £ S f<i ~ 1 if inf^gje x ■ I > (or equivalently, if P{E UJ Xi ■ I > e) = 1 for 
some e > 0). 

If P is non-nestling, it is known that the 0-1 law holds and also that a law of large numbers holds 
with limiting velocity vp ^ 0. In fact, this follows from the fact that non-nestling laws P also satisfy 
what is known as Kalikow's condition |Kal81j . which implies that the 0-1 law holds and that vp ^ 
(see |SZ99j ). Since Kalikow's condition holds for some (but not all) nestling laws P (see K al8l] for 
examples), it is still not known for general i.i.d. nestling laws on environments if there can exist two 
limiting velocities v+ and V-. 

A useful tool in much of the recent progress on multidimensional RWRE is what are referred to 
as regeneration times. Fix an £ £ S^ 1 such that c£ £ 7L d for some c > 0. Then, the regeneration 
times in direction £ are 

n :=M{n> : X k ■ £ < X n - £ < X m ■ £, Vfc < n, Vm>n}, 

and 

n := inf{n > n-i : X k ■ £ < X n ■ £ < X m ■ £, Vfc < n, Vm > n}, for i > 1. 
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Remark: The condition that c£ 6 Z d is chosen to allow for a simpler definition of regeneration 
times that agrees with the one given by Sznitman and Zerner SZ99 (set a — ^ in the definition of 
regeneration times in SZ99 ). If P is non-nestling in direction £ £ S x , then P is also non-nestling 
for all £' € S^ 1 in a neighborhood of £. Therefore, if P is non-nestling, then we can always find an 
£ G S such that P is non-nestling in direction £, and cl € 7L d for some c > 0. 

The regeneration times Tj are obviously not stopping times since they depend on the future of 
the random walk. The advantage of working with regeneration times is that they introduce an i.i.d. 
structure. Let D := {X n ■ £ > 0, Vn > 0}, and when F(D) > 0, let P be the annealed law of the 
RWRE conditioned on the event D (i.e., P( • ) := P(- \D)). Let expectations under the measure P be 
denoted E. 

Theorem 6.1.3 (Sznitman and Zerner [SZ99] ). Assume ¥(A t ) = 1. Then F(D) > 0, and 

{X T1 ,n), (x T2 - x Ti ,t 2 - n), . . . , (x Tk+1 - x Tk ,r k+1 - r fc ), . . . 

are independent random variables. Moreover, the above sequence is i.i.d. under P. 
Remarks: 



1. If P is non- nestling in direction £, then F(A£) = 1 and so Theorem 16. 1.31 holds. 

2. The assumption that ¥(Ae) = 1 in Theorem l6.1.3l is only needed to ensure that t\ < oo. In fact, 
what is shown in [SZ99] is that F(A e ) > implies that F(D) > and that (X Tl ,n), (X T2 - X T1 , r 2 - 
ri), . . . are i.i.d. under P. 

As mentioned above, for i.i.d., uniformly elliptic environments, F(Ag) = 1 also implies a law 

of large numbers. Thus, a consequence of Theorem 16.1.31 is the following formula for the limiting 

velocity vp\ _ 

v P =\im— = ^ JL , F-a.s. (6.2) 
7woo n E Tl 

Recently, Sznitman introduced conditions, known as conditions (T) and (T") relative to a direc- 
tion £, that are more general than Kalikow's condition and which also imply a law of large numbers 
with non-zero limiting velocity and an annealed central limit theorem SznOl . Sznitman also de- 
scribed in [Sz n02j a criterion that can be checked by considering the environment restricted to a box 
B n = [— n, n] d , with the property that (T") holds if and only if the condition holds for some box B n . 
Such a criterion is not known to exist for Kalikow's condition. 
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6.2 Large Deviations for RWRE on Z d 

In this section, we will review some of the known results for large deviations of RWRE on Z d . We 
recall the following terminology from |DZ98j : A good rate function is a lower semi-continuous [0, oo]- 
valucd function h(x) with the property that {x : h(x) < a} is compact for every a < oo. A sequence 
Revalued random variables is said to satisfy a large deviation principle (LDP) with good rate 
function I(x) if for any Borel T C M. d , 

- inf I{x) < liminf - logP (£„ S T) < limsup - logP (£„ G V) < - inf I(x). 

The random variables £ ra satisfy a weak large deviation principle if the above inequalities hold for 
all bounded Borel T C M d . 

6.2.1 Large Deviations: d = 1 

Comets, Gantert, and Zeitouni CGZ00J give a rather complete treatment of quenched and annealed 
large deviations for one-dimensional RWRE. In [CGZ00 , quenched large deviations are first obtained 
for the hitting times T n and T_„ using an argument similar to the proof of the Gartner-Ellis Theorem 
(see Theorem 2.3.6 in |DZ98j ). The LDPs for the hitting times are then transferred to a quenched 
LDP for X n . Finally, Varadhan's Lemma |DZ98j Theorem 4.3.1] is used to derive the annealed large 
deviations from the quenched large deviations. Even for random walks in i.i.d. environments, this 
method for deriving an annealed LDP require an understanding of the quenched LDP for random 
walks in ergodic environments. 

One advantage to the approach used in [CGZ00] to derive an annealed LDP is that the annealed 
rate function is given in terms of a variational formula involving the quenched rate function and the 
specific entropy of measures on environments. Another advantage is that qualitative behavior of both 
the quenched and annealed rate functions are derived. In particular, the rate function (quenched or 
annealed) in the negative direction is equal to the sum of the rate function in the positive direction 
and a linear function with slope Ep log po. (This implies that for transient RWRE, the rate functions 
are not differentiable at the origin.) Other differentiability properties of the rate function, while not 
mentioned in [CGZ00 , are obtained without too much difficulty from the formulas given for the rate 
functions there. Also, if P is nestling, then the quenched and annealed rate functions are zero on 
the interval [0, Vp\. 

The one-dimensional quenched LDP was first derived by Greven and den Hollander in |GdH94j 
using homogenization techniques. Greven and den Hollander were also able to show the qualitative 
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behavior of the quenched rate function mentioned above. Rosenbluth [Ros06j has also recently 
derived the same formula for the one-dimensional quenched rate function as a special case of a 
multidimensional quenched LDP. Rosenbluth's approach also uses homogenization techniques, and 
he formulates the quenched rate function as the solution to a variational problem. In the one- 
dimensional case, Rosenbluth is able to solve this variational formula to obtain the simpler form of 
the quenched rate function which also appears in |CGZ00] and [GdH94 . 

6.2.2 Large Deviations: d > 2 

Although a law of large numbers is not known to hold for general i.i.d. environments, Varadhan 
|Var03j has given both a quenched and annealed LDP. 

Theorem 6.2.1 (Varadhan [Var03j). Let X n be a nearest neighbor RWRE on II 1 , and let P be a 

uniformly elliptic, i.i.d. measure on environments. Then, there exist convex (non-random) functions 
h(v) and H{v) such that ^ satisfies both a quenched and an annealed large deviation principle with 
good rate functions h(v) and H(v), respectively. That is, for any Borel subset T C M. d , 

- inf h(v) < - logliminf P w [ — £ L ) < limsup - \ogP u ( — £ T ) < - inf h(v), 
Be f n n->oo \ n J „^oo n \ n J ver 

for P— almost every environment lo , and 

- inf H(v) < -logliminfP ( — £ T ) < -loglimsupP | — £ T ) < - inf H(v). 

n n^oo \ n ) n n^oo \ n J „ G r 

Remark: In Var03 , Varadhan actually proves a more general theorem. In particular, he shows 
that the conclusion of Thcorcm l6.2.ll holds for for RWRE with bounded jumps in i.i.d. environments 
with certain strong uniform ellipticity conditions. 

Varadhan's proof of the quenched LDP is based on a simple sub-additivity argument, but the 
argument does not give much information about the quenched rate function h(v). In particular, the 
argument only shows that h is convex. The proof of the annealed LDP in |Var 03] is much more 
complicated. A RWRE X n is not a Markov chain (annealed) since it has "long term memory." 
Therefore, Varadhan studies the path of the environment shifted to end at the origin 

W n = [—X n , —X n + X\, . . . , —X n + X n _i,0). 

Since W n incorporates the history of the walk, it is a Markov chain on a very large state space 
W. Varadhan then shows that a process level LDP holds for W n . That is, a LDP holds for the 
measure valued process 1Z n :— ^ Y^j=i with good rate function J{n), which is infinite unless \i 
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is a stationary measure on the space W, which is a specified compactification of W. The annealed 
LDP for X n /n is then obtained by contraction, and the rate function H (v) is given by 

H(v) = inf J fa), 

fJ.££, m(fi)—v 

where £ is the set of ergodic measures on W and is the average step size of the ergodic measure 
//.. 

Since Varadhan's derivation of an annealed LDP requires an understanding of process level large 
deviations on the huge state space W, it is difficult to derive much qualitative information about the 
rate function H{v) using Varadhan's formula for H(v). Nevertheless, Varadhan was able to prove 
the following statement about the zero set of the quenched and annealed rate functions: 

Theorem 6.2.2 (Varadhan jVar03j). The zero sets of the quenched and annealed rate functions in 
Theorem \6.2.1\ are identical. That is, h(v) = <^=^ H{v) = 0. Moreover, the zero set of the rate 
functions Z = {v : H(v) — 0} has the following description: 

Non-nestling: If P is non-nestling, then the zero set is a single point Z = {vp}. 

Nestling: If P is nestling, then the zero set is a line segment containing the origin. Z/lim, woo —r- = 

vp, P — a.s., then Z = [0,t>p]. Otherwise Z — [v„,i> + ], where V- and v+ are the two possible limiting 

velocities. 

We end this section by briefly mentioning some of the other large deviation results for multi- 
dimensional RWRE. Rassoul-Agha [RA04 extended the approach of Varadhan to get an LDP for 
certain non-i.i.d. laws on environments and other non-Markov random walks on Z d . Zerner Zer98] 
also proved a quenched LDP using a sub-additivity argument. However, unlike Varadhan's sub- 
additive argument, Zerner's method involved hitting times and was restricted to nestling laws on 
environments. Recent results of Yilmaz |Yil0 8a. Yil08b] take a different approach, using homoge- 
nization techniques to derive quenched LDP results. The techniques used in |Yil08al are similar to 
those used in |KRV06J for diffusions in a random environment, and, in |Yil08bj . it is shown that, for 
"space-time" RWRE, the quenched and annealed rate functions are identical in a neighborhood of 
the critical velocity vp. 

6.3 Differentiability of the Annealed Rate Function 

In this section, we will study the annealed rate function H(v) from Theorem 16.2. II (Recall that we 
are only considering nearest neighbor RWRE in this chapter.) As mentioned in Subsection 16.2.11 
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many differentiability properties of the annealed rate function are known when d = 1. Until now, 
however, no differentiability properties of H{v) were known when d > 2. Our main result is the 
following theorem: 

Theorem 6.3.1. Let X n be a nearest neighbor RWRE on Z d , and let P be a uniformly elliptic, 
i.i.d., and non-nestling measure on environments. Then, the annealed rate function H(v) is analytic 
in a neighborhood ofvp. 

The variational formula for H(v) given in |Var03| is very hard to work with. Instead of ap- 
proaching a LDP through the Markov chain W n on the huge state space W, we take advantage of 
the i.i.d. structure present in regeneration times. From Cramer's Theorem, differentiability proper- 
ties of the large deviation rate functions for sums of i.i.d. random variables can easily be obtained. 
We are then able to transfer these differentiability properties to a new function J defined in terms 
of large deviations for (X Tk , ru), and then show that J(v) = H(v) in a neighborhood of vp when P 
is non-nestling. 

We conclude the section by showing that when d — 1 and X n — > +oo, the equality J(v) = H(v) 
holds for all v > (for both nestling and non-nestling laws P). 

6.3.1 The Rate Function J 

Since P is non-nestling, for the remainder of this section, we fix a direction t € S' 1 ^ 1 such that 
ci G Z d , for some c > 0, and P is non-nestling in direction I. Let Tj be the regeneration times in 
direction L For A e R d x M = R d+1 , let 

A(A) := logIe A ' (XT i' ri) . 

By Theorcm l6.1.31 (X Tl , ti), (X T2 — X Tl , t%— ti), . . . is an i.i.d. sequence under P. Therefore, Cramer's 
Theorem [DZ98| Theorem 6.1.3] implies that —(X Tn , r„) satisfies a weak LDP under P with convex, 
good rate function 



AGR d+1 

In particular, for any open, convex subset G C K d " 



I{x, t) :— inf A • (x, 





(6.3) 



Let H e := {v € R d : 



v ■£>()}. Then, for v G H e , let 
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Having defined the function J, we now mention a few of its properties. 
Lemma 6.3.2. J is a convex function on Hi, and J(vp) = 0. 

Proof. We wish to show that J(tv± + (1 — t)v2) < tJ(vi) + (1 — t)J(v2) for any ui,«2 G He and 
t 6 [0,1]. Obviously, we may assume that J{v\), J{v2) < oo, since otherwise the inequality holds 
trivially. For s 6 (0, 1] and v € , let 

/(»,«):=»/(-,-') = sup A-M)-sA(A). 

Since /(•, •) is the supremum of a family of linear functions, /(•, •) is a convex function on Hg x (0, 1]. 
For 5 > 0, the definition of J implies that there exist si, S2 € (0, 1] such that si) < + S 

and /(«2, S2) < J{v2) + 8. Therefore, 

J(tvi + (1 - t)«2) - inf f(t Vl + (1 - t)«3, s) < f {tvi + (1 - t)v2, tsi + (1 - t)a 2 ) 

s£(0,l] 

<t/(«i,*i) + (l-t)/(«2 S * a ) 
<tJ(v 1 ) + (l-t)J(v 2 ) + 25, 

where the second to last inequality is due to the convexity of f(v,s). Letting S — > finishes the 
proof of the first part of the lemma. 

For the second part of the lemma, note that f|(3. 2|) implies that vp = E ^ T1 . Then, the law of large 
numbers implies that 

_/l ' ~ <<5] =1, V<5>0. 



lim 

k — >oo 



Thus, (|6.3[) implies that 



~{X Tk> T k )-{v P ET U En) 



inf _ I(x, t) = 0, V5 > 0. 

j|(x,t)-(t)j=ETi,ETi)||<i5 



Since / is lower semi-continuous, this implies that J(i>pEti,Eti) = 0. Then, the definition of J and 
the fact that I is non-negative imply that J(vp) = 0. □ 

Lemma 6.3.3. There exists an rjo > such that J(v) is analytic in {v : \\v —vp\\ < 770} - 

Proof. First, we claim that A(A) is finite for all A in a neighborhood of the origin. For, since \\X Tl \\ < 
ti, we have Ee A ' (XT i' Tl) < Ee^^'^ < We^^ Tl . However, it was shown in [SznOOl Theorem 
2.1] that n has exponential tails under P (and therefore also under P). Thus, Ee A '^ T1 ' ri ' < 00 if 
||A|| is sufficiently small. 
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Since A(A) is the logarithm of a non-degenerate moment generating function, A is strictly convex 
and analytic in a neighborhood of the origin. Then, since / is the Fenchel-Legendre transform of 
A, I is strictly convex and analytic in a neighborhood of («pEri,ETi) = VA(0) (see Lemma \B. II in 
Appendix |B|) . Therefore, f(v, s) — sl(v/s, 1/s) is analytic for (v, s) in a neighborhood of (vp, 1/Eti). 
Thus, it is enough to show that there exists an analytic function s(v) in a neighborhood of vp such 
that J(v) — f(v,s(v)). To this end, first note that J(vp) = /(up,l/Eri) = inf se ( ,i] f( v P, s ) = 0, 
and therefore, since / is non-negative and analytic in a neighborhood of (vp, 1/Eri), we have that 
^(up,l/Eri) = 0. Also, since f(v,s) is a convex function, ^(v,so) — implies that J(v) — 
f(v, so). Therefore, it is enough to find an analytic function s(v) in a neighborhood of vp such that 
s(v)) = 0. A version of the implicit function theorem |FG02|, Theorem 7.6] gives the existence 
of such a function s(v) if we can show that 

^l(v P , l/E Tl ) ^0. (6.4) 

To see that (|6.4[) holds, note that the definition of f(v, s) implies 



(z,, S ) = -M).# 2 / -,- •( , (6.5) 



''''I ^ ... „-2r(<' M ^ 

where D 2 I is the matrix of second derivatives for /. However, since I(x, y) is strictly convex in a 
neighborhood of (i>pEri, Eti), D 2 I(x,y) is strictly positive definite for (x,y) in a neighborhood of 
(v p Eti,Eti). Thus, from $6J$ we see that 0(«p, 1/En) > and so j6Tl) holds. □ 

6.3.2 LDP Lower Bound 

We now prove the following large deviation lower bound: 
Proposition 6.3.4 (Lower Bound). For any v £ Hi, 

lim liminf — logP(||X„ — nv\\ < nS) > —J(v). 

Proof. Let ||£||i denote the L 1 norm of the vector £. Then, it is enough to prove the statement of the 
proposition with || • || i in place of || • || . Also, since P(|| X n — nv\\ i < n8) > P(D)P(||X„ — nv\\ i < nS), 
it is enough to prove the statement of the proposition with P in place of P. That is, it is enough to 
show 

lim liminf — logP(||X„ — nulli < n5) > —J(v). 

8^0 rwoo n 

Now, for any 6 > and any integer fc, since the walk is a nearest neighbor walk, 
P(||A„-nu||i < AnS) > V(\\X Tk - nv\\i < 2nd, \r k - n\ < 2nd). 
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For any £ > 1, let k n = k n {t) := [n/t\ , so that n — t < k n t < n for all n. Thus, for any S > and 
£ > 1, and for all n large enough (so that n5 > £), 

¥(\\X n -nv\\i < An8) >P (\\X Tkn -nv\\x < 2nS, \r kn - n\ < 2nS) 

> P (||X T , n - k n tv\\i < k n tS, \r kn - k n t\ < k n td) . 

Therefore, for any 8 > and t > 1, 

liminf - logP(||X n - nvh < 4nS) 

> liminf — logP (||X Tji — k n tv\\i < k n t6, |r/ Cn — k n t\ < k n tS) 

> i liminf ^- logP (\\X Tttn - k n tv\\i < k n t5, \r kn - k n t\ < k n t5) 
= -liminf ^logP(||X T , - ktv\\ x < ktS, \r k - kt\ < ktS) 

t k^oo k 

= -7„ in ,f J(x,y), 

\y-t\<tS 

where the last equality is from (16. 3p . Then, taking S — > we get that for any t > 1, 

lim liminf - log P(||X n - nv\U < 4n5) > —~I(vt,t). 

Since the above is true for any t, the proof is completed by taking the supremum of the right hand 
side over all £ > 1 and recalling the definition of J. □ 

Corollary 6.3.5. J(v) > H(v) for all v E H e . 

Proof. The annealed LDP in Theorem 16.2.11 implies that 

lim liminf - logP(||X„ - null < n5) = -H(v). 

The proof then follows immediately from Proposition 16 . 3 . 51 □ 

Remark: The proof of Proposition 16.3.41 does not use that P is non- nestling. In fact, it is enough 



to assume that F(Ag ) > so that, by the remark after Theorem 16. 1.31 we can use the i.i.d. structure 
for regeneration times under P. 

6.3.3 LDP Upper Bound in a neighborhood of vp 

We now wish to prove a matching large deviation upper bound to Proposition 16.3.41 Ideally, we 
would like for the upper bound to be valid for all v G He, and in the next subsection we prove 
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that this is the case when d = 1. For d > 1 we are only able to prove a matching upper bound to 
Proposition 16.3.41 in a neighborhood of Vp. However, this is enough to be able to prove Theorem 

EXTJ 

We first prove an upper bound involving regeneration times. 
Lemma 6.3.6. For any t, k £ N and any x £ Z d ; 

¥(X Tk =x, T fe =t)<e-' J (f). 
Proof. Chebychev's inequality implies that, for any A £ K d+1 , 

¥{X Tk =x,T k =t)< e -H*-t)^ e HX^r k ) = e -fc(A.(x/fc,t/fc)-X(A)) j 

where in the last equality we used the i.i.d. structure of regeneration times from Theorem 16.1.31 
Thus, taking the infimum over all A £ R d+1 and using the definition of J (with s = ~), 

V(X Tk = x,r k = t)< e- fc/ (f ■*) = e-^Kfhi) < e -*J(f). 

□ 

We are now ready to give a matching upper bound to Proposition ^. 3.4"! in a neighborhood of vp. 

Proposition 6.3.7 (Upper Bound). There exists an r\ > such that, for any \\v — vp\\ < rj and for 
all S sufficiently small, 

limsup — logP (\\X n — nv\\ < nS) < — inf J(x). 

n— >oo n \\x — v\\<& 

Proof. Recall that, since P is non-nestling, [SznOO, Theorem 2.1] implies that T\ has exponential 
tails. Thus, there exist constants Ci, Ca > such that max {P(ti > x), P(ti > a;)} < C\e~ C2X for all 
x > 0. By Lemma [6.3.3[ we know that there exists an rjo such that J is analytic on {v : \\v— vp\\ < i]q}. 
We now introduce the following functions which will be useful in the proof: 

a(r) := sup J(v), (i{r) :— sup VJ(v) , r < r) . 

v:\\v—vp\\<r v:\\v—vp\\<r 

Since J is non-negative and analytic on {v : \\v — vp\\ < r/o}, and since J(vp) — 0, a(r) and 0{r) are 
continuous on [0, 770) and a(0) = 0(0) = 0. Choose e > such that < ?7o and ^fzf^J < 
Then, choose 77 > small enough so that 2±|| < VOl \P^\ < ^ and a(n) < A eC 2 . 
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Having introduced the necessary notation, we now proceed with the proof. Let e, r\ > be chosen 
as above, let v be such that \\v — v P \\ < 77, and let S < n — \\v — vp\\. Now, 

P(\\X n - nv\\ < nS) < F(3k <n:r k - r k -i > en) 

+ P (3k : n < en, Tfc S (n — en, n], ||Jf„ — nv\\ < nS, t^+i > n) . (6.6) 

Then, since J(v) < a(n) < eCi-, 

¥(3k <n:r k - T fe _i > en) < C\n e - C2en < C 1 neT n3{ - v) . 



Thus, we need only to bound the second term in (|6.6p . 

Since the random walk is a nearest neighbor walk, \\X Tk — nv\\ < \\X n — nv\\ + |n — Tfc|. Thus, 

P (3k : T\ < en, Tfc G (n — en, n], ||X„ — nv\\ < nS, Tk+i > n) 

< ^ ^ P (n = wn, T fc = (1 - s)n, ||X Tfc - nu|| < n(<5 + s), T fc+ i - r fe > ns) , 

k<n uG(0,e) s6[0,e) 

where the above sums are only over the finite number of possible u, s and x such that the probabilities 
are non-zero. However, 

P (ti = un, Tk = (1 — s)n, \\X Tk — nv\\ < n(5 + s), Tk+\ > n) 

< P (ri = Tin, ^ — n = (1 — s — u)n 1 \\X Tk — X Tl — nv\\ < n(5 + s + it), Tfc + i — Tfc > ns) 
= P(n = un)P (Tfc_i = (1 - s - u)n, \\X Tk _ 1 - nv\\ < n(8 + s + u)) P(ti > ns), 

where the first inequality again uses the fact that the random walk is a nearest neighbor random 
walk, and the last equality uses the independence structure of regeneration times from Theorem 
I6T31 Thus, since P(ti = un) < Cie- C2Un and P(ti > ns) < Cie~ C2Sn , 

F(3k : ti < en, Tfc e (n — en,n], \\X„ — nv\\ < nd, Tk+i > n) 

- H J2 Cfe- c ^ u+s ^ n ¥ (r k -i = (1 - s - u)n, WX^ - nv\\ < n(8 + s + u)) . (6.7) 

k<n u£(0,e) sG[0,e) 

Then, Lemma \6 . 3 . 61 implies that (|6.7[) is bounded above by 

V" V" ^ ^ e -»( 1 - s -»)' 7 (T=f=s:)(72 e -c 3 ( s +«)n 

k<n ue(O.e) s£[0,e) \\x-v\\<S+u+s 

<C 3 n d+3 sup sup e -"(( 1 -^ J (T^)+ C2S ) 

s£[0,2e) \\x — v\\<S+s 

= C 3 n d+3 cxp I -n ( inf inf (1 - s) J ( ) + C 2 s ) 1 , (6.8) 

[ \se[0,2e) \\x-v\\<8+s" ' \1 - S J J) 
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for some constant C3 depending only on e, r\ and C\. Therefore, to finish the proof of the proposition, 
it is enough to show that the infimum in (|6.8p is achieved when s = 0. That is, it is enough to show 
the infimum is larger than infiu-^i^^ J{x). 
To this end, note that 



inf inf (1 — s) J 

se[0,2e) \\x~v\\<8+s 



1 - s 



0. 



2.S 



inf inf inf (1 — s) J 

\\x— v\\ <5 s£ [0,2e) \\y— x\\<s 



IS 



> inf inf inf 

\\x-v\\<8 s6[0,2e) \\y-x\\<s 



1 - S 

J{x) - (1 - a) 



J 



C 2 s 



1-s 



-J(x) 



+ s(C 2 - J(x)) 



(6.9) 



Since 8 < r\— \\v — vp\\, then ||a; — v\\ < 5 implies that ||a; — Vp\\ < r\. Thus, ||y — x|| < s implies that 



1-s 



v P 



< 



y-x 



1-s 



1-s 



V P 



< 



\\x — vp\\ + s i] + 2s 77 + 4e 



1-s 1-s -l-s~l-2£ 

Therefore, x 7 € {v : \\v — Vp\\ < r) }, since 77 and e were chosen so that r\ < f^ff < ?/o- Since J 
is analytic in {v : \\v — vp\\ < r/o}, the mean value theorem implies that 

J(x) = V J(0 



1 - s 



1 - s 



for some £ on the segment between x and y/(l — s). Thus, 



J 



1-s 



-J(x) 



< sup ||VJ(0|| 



1 - s 



</3 



i] + Ae\ 2s C 2 s 



1 - 2s J 1 - s ~ 2(1 - s)' 



where the last inequality is due to our choice of 77 and e. Recalling (|6.9p , we obtain 



inf inf (1 — s) J 

se[0,2e) ||a:-'u||<i5+s 



1 - s 



C 

+ C 2 s > inf inf inf J(x) -s + s(C 2 - J(x)) 

\\x — v\\<8 sS[0,2e) \\y-x\\<s 2 



inf inf J{x) + s 

\\x~v\\<S se[0,2e) 

inf J{x) , 

\\x-v\\<8 



c 2 



J(x) 



where the last inequality is because ||a; — Vp\\ < 77, and thus J(x) < 0(77) < by our choice of 
This completes the proof of the proposition. □ 

Corollary 6.3.8. There exists an i] > such that J(v) < H(v) for all \\v — vp\\ < r\. 

Proof. The proof is similar to the proof of Corollary [633] Theorem 16.2.11 implies that 

lim limsup — logP (\\X n — null < n8) — —H(v). 



The corollary then follows immediately from Proposition 16.3.71 



□ 
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The proof of Theorem 16 . 3 . 1 1 is now almost immediate. 
Proof of Theorem \6.3.1[ 

Corollaries 16.3.51 and I6.3."8l imply that H(v) = J(v) in a neighborhood of vp. Lemma [6.3.31 then 
implies that H(v) is analytic in a neighborhood of vp. □ 

6.3.4 Equality of J and H when d = 1 

For d > 1, we only know that J(v) = H{v) in a neighborhood of vp when P is non-nestling. In this 
subsection, we show that when d — 1 and I = 1 (that is, Ep log p < 0), the equality J(v) = H{v) 
holds for all v > 0. (Note that in this subsection we no longer assume that P is non-nestling, but 
we still require P to be i.i.d. and uniformly elliptic.) A crucial step in our proof of this fact is the 
following lemma: 

Lemma 6.3.9. Assume E P \ogp < and let J(0) := lim„^ + J(v). Then, J(0) = -ff(O). 

The proof of Lemma 16.3.91 is rather long and technical, and thus will be given in Appendix [Cl 
Corollary 6.3.10. Assume E P \ogp < 0. Then, \\P u (X n < 0)]]^ < e -" J (°'. 

Proof. If the environment is nestling, then J(0) = and the statement is trivial. On the other hand, 
if the environment is non- nestling, jCGZOOl equation (79)] implies that P W (X„ < 0) < e ~ nH( -°\ 
P — a.s. The corollary then follows immediately from Lemma l6.3.9l □ 

Using Corollarv l6.3.10i we obtain the following improvement of Proposition 16 . 3 . 7l 

Proposition 6.3.11 (Upper Bound (d = 1)). Assume that Eplogp < 0. Then, for any v > and 

5 < v, 

lim - logP(|X„ - nv\ < 5n) < - inf J(x). 

n—>oo n \x-v\<5 

Proof. Let <r n := swp{k < n : Xk = 0} be the time of the last visit to zero before time n. Then, by 
decomposing the path of the random walk according to a n and the first hitting time of X n , 

F(\X n - nv\ <Sn)= ^ P(X n = x) 

\x — nv\ <5n 
\x — nv\ <Sn 0<t<s<n 

^ E E \\P*(X t = Q)\\ oo nT x = S -t,T_ 1 > S -t)\\P u (X n _ s = 0)\\ oo 

\x — nv\ <Sn 0<t<s<n 

< Yl E e- {n - s+t)J(0) F(T x =s-t,T-!>s- 1), (6.10) 

\x — nv\ <6n 0<t<s<n 
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where the last inequality is from Corollarv l6.3.101 Next, note that 

v P(T X = s - t, T-x > s - t)P x (T x - 1 = oo) 

F(T x = s-t,T_ 1>S -t) = ^ 1 ! { '-. 6.11 

F(J_i = oo) 

Since P W (T X = a— t, T_i > s — i) and P x {T x -\ = oo) depend on disjoint sections of the environment, 

¥{T X = s-t,T- 1 >8- i)P"(r x -i = oo) = P P [P w (T a = s - f, T_! > s - t)i»(T x _i = oo)] 

= P (T x = a - t, T_x > a - t, X r > x Vr > s - t) 
= ¥{3k :T k = s-t, X Tk = x, T_i = oo). (6.12) 

Thus, (|6~TTj) and (gUg) imply that 

P(T a = s-t,T_! > a-t) = P(3fc : r k = s- t,X Tk = x) < ne~ {s ~ t)J ^\ (6.13) 

where the last inequality is from Lemma 16.3.61 and the fact that = s — t implies k < s — t < n. 
Combining (|6.10p and (|6 . 13[> . we obtain that 

P(|X„ - n«| < *n) < n ]T E e-^- s+t ^°h-^ J (^) < n ]T ]T e'^) , 

\x— nv\<8n 0<t<s<n \x— nv\<8n 0<t<s<n 

where the last inequality is from the convexity of J. Therefore, 

P(|X n - nv\ < Sn) < 2Sn 4 sup e - nJ(x) . 

\x—v\ <5 

□ 

Corollary 6.3.12. Assume Eplogp < 0. Then, the annealed rate function H(y) is identical to 
J(v) for allv>0. 

Proof. Corollary 16.3.51 and the remark that follows imply that J(v) > H(v) for all v > 0, and 
Proposition 16 . 3 . lTI implies that J(v) < H(v) for all v > 0. Thus, J(v) = H(y) for all v > 0. Lemma 
16.3.91 shows that equality holds for v — as well. □ 



Appendix A 

A Formula for the Quenched 
Variance of Hitting Times 

In this appendix, we will derive a formula for the quenched variance of t\, where n is the first 
time a random walk starting at reaches 1. Recall that when E u Ti < oo, we use Var^T\ := 
Euj (ri — (E^ti)) 2 to denote the quenched variance of t%. Our goal is to prove the following formula 
for Var u Ti, which was stated in (|2.9[) : 

oo 

Var^n = S(u;) 2 - S(u) + 2 ^ IL_ n+1>o S(0- n w) 2 (A.l) 

n=l 

= 4(W + W 2 ) +8^n i+1 , (W i + W 2 ), (A.2) 

i<0 

where S{u) and Wi are defined in (|2 . Tj> and (|2.2[) , respectively. Since yar^Ti = E u t 2 — (E^ti) 2 , 
and since (|2.7p implies that £J w ti = IjA.lj) is equivalent to 

oo 

E u t 2 = 2S{lo) 2 - S(cj) + 2 J2 n-n+i,oS{9- n uj) 2 . (A.3) 

n=l 

(|A~2l) then follows from (fA~T|) by noting that S(6~ n Lj) = 1 + 2W_„. 

To prove (|A.3[) . we first truncate t\ to guarantee finitencss of expectations. Let M > 0. Then, 
the decomposition of t± in (|2.5p implies that 

ri A M < 1 + 1 Xi =-i(to A M + t[ A M), 

where Tq is the time it takes to reach after first hitting —1, and t[ is the time it takes to go 
from to 1 after first hitting — 1 . Squaring both sides of the above equation and taking quenched 
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expectations, it follows from the strong Markov property that 

E u {n A Mf <l + 2E u (1 Xi =-i{t[ ) AM + t[A M)) 

+ E^ {1 Xi =-i{{t' A Mf + 2{4 A M){t[ A M) + [t[ A M) 2 )) 
= 1 + 2(1 - uj ) (E e -i u (n A M) + E u (n A M)) 

+ (1 - uj ) (E e -i u (n A Mf + 2Eg-x u {n A M)E u (n A M) + E u (n A Mf) . 

Solving for £^(>i A Mf gives 

Kin A Mf <— + 2 Po (E e -i u ( Tl A M) + E u (n A Mj) 

UJQ 

+ Po {Eg-iUn A Mf + 2E e -i u (n A M)E u (n A M)) 
< — + 2p (£(0 _1 a/) + S(ui) + S(6- l w)S(u)) + poEg-iuin A Mf 

UJQ 

= 2S{uf - — + poEg^Jn A Mf, 

UJo 

where the second inequality holds because E u t\ = S(u), and the last equality is due to the fact that 
PqSIO^ 1 ^) — S(oj) — By iterating the above inequality we get that 

E u {n A Mf < 2 (S(lu) 2 + poSie^iof + ■■■ + Tl_ n+h0 S(8- n uf) (A.4) 
- (- + —P0 + ••• + — n_„ +1>0 ) (A.5) 
+ n- n . E s - n -i UJ (nAMf. (A.6) 

As n — ► oo, (j A.5|) tends to S(u>), which is finite by assumption. Also, since S(co) is finite, n_ n ,o — ► 
as n — > oo, which implies that (|A.6[) tends to zero as n — > oo. Therefore, 

oo 

E u (n A Mf < 2S(cjf + 2 n- n+lfi S{0- n uf - S(u). 

n=l 

monotone convergence then implies that 

oo 

E^r 2 < 2S{lo) 2 + 2 ^-n+i, S{e- n ujf - S{lo). (A.7) 

n=l 

If E^T\ — S(u>) < oo but E u t 2 = oo, then obviously the above can be replace by equality. On the 
other hand, if E^t 2 < oo we can repeat this argument without truncating by M. That is, 

E u t 2 = 2S{wf - — + poEg-l^T 2 , 

UJQ 
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which, after iterating, implies that 

E u tI = 2 {S{ujf + ■■■+ n_ n+1 , o 5(0-™^) 2 ) -(— + ... + J—n_ n+h0 ] + Il^ n , E e -n- lu rl 
Omitting the last term and letting n — > oo, we obtain 

oo 

E^tI > 2S{lo) 2 + 2 J2 U^ n+h0 S{6- n uj) 2 - S{uj), (A.8) 

n=l 

whenever E u t 2 < oo. Thus, (|A.3j) is implied by (|A.7|) and (|A.8|) , 
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Analyticity of Fenchel-Legendre 
Transforms 

Let F : R d -> R be a convex function. Then, the Fenchel-Legendre transform F* of F is defined by 

F*(x) = sup X-x-F(X), (B.f) 

AeR d 

Lemma B.l. Let F be strictly convex and analytic on an open subset U C R d . Then, F* is strictly 
convex and analytic in U' := {y € M. d : y = VF(A) for some X £ U}. 

Proof. Since F is strictly convex on U, VF is one-to-one on U. Therefore, for any x S [/', there 
exists a unique A(x) € U such that VF(A(x)) = x. (That is, x i— > A(x) is the inverse function of VF 
restricted to [/.) This implies, since A <— > A • x — F(X) is a concave function in A, that the supremum 
in (|B.1|) is achieved with A = X(x) when x € C'. That is, 

F*(a;) = A(x) • i- F ((X(x)) , Vx e [/'. (B.2) 

Since F is analytic on {/, then VF is also analytic on U. Then, a version of the inverse function 
theorem FG02, Theorem 7.5] implies that A(-) is analytic on U' if 

det (D 2 F(x)) 0, Vie U, (B.3) 

where D 2 F is the matrix of second derivatives of F. However, since F is strictly convex on U, 
D 2 F(x) is strictly positive definite for all x E U . Thus, (|B.3|) holds and so x i— > A(x) is analytic on 
U'. Recalling (|B.2j) . we then obtain that F* is also analytic on U'. 
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An application of the chain rule to (|B.2[) implies that 

VF*(x) = A(as) and D 2 F*(x) = DX{x) = (D 2 F(X(x))y 1 , Vx e U' . 

Since D 2 F is strictly positive definite on U, the above implies that D 2 F*(x) is strictly positive 
definite for all x e U' . Thus F* is strictly convex on U' . □ 
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Proof of Lemma 16.3.9 



Recall that for Lemma 16.3.91 we are assuming that P is uniformly elliptic and i.i.d., and that 
Ep logp < 0. To prove Lemma 16.3.91 we first need the following lemma: 

Lemma C.l. Assume that Eplogpo < 0. Then, 

lim liminf — logP (T„ G [Mn, (M + l)n])> -H(0). 

M->oo n-KX) Mn ~ 

Proof. First, note that 

P(T„e [Mn,{M + l)n}) = — — -P(T„e [Jfn,(M + l)n], T_ x = oo) 

F(J_i = oo) 

F(J_i = oo) 
- P (T„ e [Mn, (M + l)n], T_ a > T n ) , 

where in the last equality we used that the environment is i.i.d. Therefore, it is enough to prove 

lim liminf — logP (T n G [Mn, (M + l)n], T_ x > T n ) > -H(0). (C.l) 

M— too n^oo Mn 

The idea of the proof of (|C.1[) is to construct an environment which is most likely to make both 
T-i and T n large. Let w m in := infja; > : P{loq < x) > 0}. The proof of (|C.1|1 is divided into three 
cases: oj mia < \, uj mhl > \, and uj mhl = |. 
Case I: o> min < |. 

Ep log po < and w m i n < | imply that P is nestling. Therefore, Theorem 16.2.21 gives that 
H(0) = 0. Now, the event {T„ E [Mn, (M + l)n], T-i > T n } is implied by not reaching -1 or n by 
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time Mn and then taking n consecutive steps in the positive direction. Thus, 

P (T„ G [Mn, (M + l)n], T_ x > T n ) > < in P (T„ A T_ x > Mn) . 

Since P is uniformly elliptic, w m i n > and therefore Urajw— >[» um n— >oo "Hn l°g w min = 0- Thus, to 
prove (IC.ip , it is enough to show that 

lim lim inf log P (T n A T-\ > Mn) = 0. (C.2) 

M— too n^oo Mn 

We now define a collection of environments on which the event {T n A T_x > Mn} is likely. Let 

7;:=j^>i, Vz e [0, L"/2j)|n |w x < i Vx € (Ln/2j,n) 

Now, we can force the event {T n A T_i > Mn} to happen by forcing Mn visits to |_7T. /2J before first 
reaching n or — 1. That is, letting := infjfc > : X^ = x} be the first return time to x, 

Mn 



P(T n AT_i > Mn) > E P 



P. (T Ln/2j < T_i) Pi"/ 2 J (r+ /2j < (T_ x AT n ))' 



> P(T„) inf P, (T L „ /2J < T_0 Pi"/ 2 J T+ , < (T_! A T n ) . (C.3) 



It, 

M 



Since Pp logp < and uj m i n < |, we have that P(wo > h), P(^o < g) > 0. Therefore 

l I ( f 1\L«/2J / lN n-Ln/2j-l N 



lim lim inf — — log P{T n ) = lim lim inf — — log P [ uj > - P o; < 

M^oo n^oo Mn M— too n— too Mn \ \ I J \ 

- Ai iog ( p 4) p ( w ° 4) ) = °- (c - 4) 

A coupling argument with a simple random walk implies that 

P.(T L n/2j<^i)> 1+[ 1 n/2r and Pi n/2j (l' L + /2J <(T. 1 AT B ))>l-H Vui eT n . 



Therefore, 



1 / ; i / \ Mn 

Jfe. " 17^ log ( , L n l P - ( T L«/2J < r-i) Pi" /2J T+ < (T_i A T„) 



mToo ™ Mn 5 ^ir. w 1 L " /2J w V J L"/2j 

1 / 1 / 2 xA " 



> lim liminf — log — - 1 - - =0. (C.5) 

~ m^oo n^oo Mn & ll+|n/2j \ nj 1 

Applying (fCT)) and ([05]) to (jC~3)) , we obtain (|CT2|) . 
Case II: w m i n > §. 
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We will prove (|C.1[) in the case where P(luq = LO m i n ) > 0. (The case where P(uq = Wmin) = is 
then handled by approximation.) Let w m in be the environment with uj x = w min for all x. Then, 

P (T„ G [Mn, (M + l)n], T n < T_i) 

> P(c^o = w m i n )"Ps mln (T„ G [Mn, (M + l)n], T n < T_ x ) 

= P(cc - uw) n P 0mln (T n < T_ x ) P, min (T„ G [Mn, (M + l)n]| T„ < T_ x ) . 

Letting p max := < 1, we have that P CmlD (T„ < T_ x ) > P Cmln (T_ x = oo) = 1 - p max > 0. 

Since limjvf jCO liminf„— ^ ]\7^; log P(w — w m i„) n = , to complete the proof of the lemma it is 
enough to prove that 

lim liminf -L logP imln (T n £ [Mn, (M + l)n] | T n < T_i) > -H(0), (C.6) 

Let A := — \ log (4w m i n (l — w m j n )), and recall from [CGZOOi proof of Lemma 4] that 



We claim that 



0(A) := P^ in e ATl = { 

d if A > A. 



lim - logP^ min [e AT "|T„ < T_i] = log (/.(A), VA < oo. (C.7) 

n — ►oo Ti 



To see this, first note that 

E amin [e AT "|T„ < T_i] - 1 E flmin [e^lr^r.J 

= ( T^F) ^ [^"It^tJ • (C.8) 

V ^ Pmax / 

Since p max < 1, to prove (|C.7|) it is enough to show that lim^oo i logP [Smin [e AT " l Tn<T _ 1 ] = 0(A). 
For A < A, let ^ x (x) := [e AT - It^T-J for -1 < x < n. Then, V„, A (-1) = 0, ^„,a(») = 1, 

and 

i>n,\{x) = Umine X 1p n ,\{ X + 1) + C 1 _ ^min)e A ^n, A (x - 1), V - 1 < X < 71. 

This system of equations can be solved explicitly. In particular, 

lfva(0) = E a _ [e^-lT,,^] = 0(A)" pL x 0(A) 2fe ) • (C.9) 

\fe=o / 

Since 0(A) < 0(A) = p m lL 2 for all A < A, we have that J2k=o Pma X 0O) 2A; < n + 1. Thus, for A < A, 
the limit in (|C.7p follows from (|C.8|) and (|C.9|> . For A > A, the limit in (|C.7p then follows from the 
fact that logP,j min [e AT "lT„<T_i] is a convex function of A and lim A ^_ 0'(A) = +00. 



APPENDIX C. PROOF OF LEMMA ?? 



135 



It is easily checked that for any t G (1, oo), there exists a unique A < A such that (log 0(A))' = t. 
Then, since (|UJ| holds, the Gartner-Ellis Theorem [DZ981 Theorem 2.3.6] implies that 

lim inf - log P Q . (T n G [An, Bn] \ T n < T_i) > - inf r(f), VI < A < B < oo, 

n— »oo n t£(A,B) 

where r(t) — sup A Xt — log 0(A) = tX + | log(l — £~ 2 ) + | log hO max |rjJ is the Fenchel-Legendre 
transform of log 0(A). Since r(t) is increasing for t > (2oj min — 1) , inf te (_a/,jv/+i) r {t) — r(M) for 
all M large enough. Therefore, 

lim liminf — log Jfe min (T„ G [Mn, (M + l)n] | T„ < T_i) > - lim -^ r ( M ) = 

M— »oo n— >oo Mn Af— >oo M 

Finally, it was shown in [CGZOO, Lemma 4 and proof of Theorem 1] that H(0) — X. This completes 
the proof of (|C.6[) . and thus also the proof of the lemma, when w m ; n > \. 
Case III: Wmin = \- 

The proof when oj m i n = | is essentially the same as in the case w m in > \- In particular, it is 
enough to show (|C.6[) . The same argument as above shows that 

lim -log£b mln [e XT "\T n < T_i] = log 0(A), VA < oo, 

n— too n 



where 0(A) := E Qinin e XTl — 1 e -. Since is not in the interior of {A G K : 0(A) < oo}, we 
cannot directly apply the Gartner-Ellis Theorem as was done above. However, it is still true that for 
any t G (1, oo), there exists a unique A < such that (log 0(A))' = t. Thus, the standard exponential 
change in measure argument which gives the lower bound in the Gartner-Ellis Theorem is still valid 
for bounded subsets of (l,oo). Therefore, 

liminf - logP Q . (T n G [An, Bn] | T„ < T_i) > - inf r(t), VI < A < B < oo, 

n— >oo n ' te(A,B) 

where r(t) = | log(l — t~ 2 ) — | log fffpr) • Since r(t) is decreasing with limbec r {t) = 0, 

lim liminf — logP Qmln (T„ G [Mn, (M + l)n] \ T n < T_i) > - lim — r(M + 1) = 0. 

Note that -ff(O) = since w m i n = implies that P is nestling. Thus, (|C.6[) holds when w min = i as 
well. □ 

Proof of Lemma \6.3.9l 

From Corollary 16.3.51 and the remark that follows, we know that 

J(0) = lim J(v) > lim H(v) = H(0). 

u— >0+ v^0+ 
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Thus, we only need to show that J(0) < H(0). From Lemma [C . 1 1 (replacing M by i and n by L £n J); 

lim liminf-logP(r k „i G [n,n + en]) > -H(0). 
Therefore, it is enough to show 

lim limsup-logP(T k „| G [n,n + en]) < -J(0). (CIO) 

E^0+ „^oo H 



For an upper bound on P(Ti en j G [n, n + en]), note that 
P (T Le „j G [n, n + en]) = 



T LenJ g [n,n + en], T_ x = oo) 



< 



P(T_i = oo) 
r Len j G [n,n + en], T L£JlJ < T_i) 



P(T_i = oo) 

(7\ e „j G [n, n + en], T|_ s „j < T_ t ) PL £ »J (T LenJ _! = oo) 



(C.ll) 



P(T_i = oo) 2 

Since P u (l\ e „j G [n,n + en], TLi < I\ en j) and Pci £ '^ (l\ en j_i = oo) depend on disjoint sections of 
the environment, 

P (T Le „j G [n,n + en], T_ x < T Le „j) P LenJ (T Len j_a = oo) 

= P P [P u (T LsnJ G [n, n + en], T_i < T LsnJ ) PjT J (T Lsn j_i - oo) 

= P (T Le „j G [n, n + en] , T_i < T LenJ , X fe > LenJ Vfe > T^„j ) 

= P (3k : Tfc G [ra, n + en], X Tfc = [en\ , T_i = oo) . 

Therefore, (|C.11[) implies that 

P (3k : r k e[n,n + en], X Tk = [en\ , T_i = oo 



'{ T [sn} G [n,n + en]) = 



P(T_i = oo) 2 
P (3ft : r k G [n, n + en] , X Tfc = [enj ) 



P(T_i = oo) 

But then, 



(C.12) 



P (3ft : r k G [n, n + en] , X Tfc = |enj ) < ^ P ( Tfc = tn ' ^ = Le^J ) 

k<en t£[l,l+s] 

< (en) 2 sup e"""^), (C.13) 

t£[l,l+e] 

where the last inequality is due to Lemma \6. 3. 61 Thus, (IC.12jl and (|C.13j) imply that 



1 - - / I en J \ 
lim lim sup — log P (T\ en G [n, n + en]) < — lim limsup inf tJ ) 

te[i,i+e] \ nt J 



-J(0), 



where the last equality is due to the fact that J(0) = lim 1 ,^ + J( v ) by definition. This finishes the 
proof of (|C.10[) and thus also the proof of the lemma. □ 
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